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ALL ABOUT .:IM WILKINSON, WITH A COMMEMOR~TIVE 

SNIPPET ON BACKWARD ERROR ANALYSIS 

by 

L. Fox 

We are here today to do ho:1our to Jim Wilkinson, to offer him 

our congratulations on his great achievements and awards. Since 

this meeting is being organised by the IMA, we are in particular 

celebrating with him his recent election to Hono:cary Fellm,shir:, 

of this Institute, in which capacity he now joins what one might 

call a round dozen of previous eminent and famous honorees. 

I was glad to be asked to glve this introductory talk, since 

in our early carenrs he and I were close colleaques for 12 yenrs 

at the National Physical Laboratory, and for more than 30 years we 

have been good friends and, together with our wives and other friends, 

have shared a steady stream of social occasions. There m•.1st be 

few numerical analysis visitors :::rom other countries, for example, 

who have not been entertained by us at the famous Home Sweet Home 

restaurant. Those who haven't ask, as soon as they arrive, when 

this event will taKe place for them. 

Now it is obviously both necessary and pleasurable to give a 

list of the main highlights of Jim's scientific career, but I shan't 

linger very long ov~r them because you will either knuw about them 

yourselves or be able to read about them, and particularly be~ause 

I want to tell you things about him that I've found out in the last 

35 years and which you wouldn't be able to discover any other way. 

First then, for the historical record. 
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1935 

1937 

1938 

1939 

1940-46 

1946-57 

1957-

1954 

1962 

1974 

1962 

1969 

1970 

1973 

1974 

1977 

Major Scholarship at Trinity College, Cambridge. 

Most outstanding freshman in any subject. 

Math. Tripos Part II. Class I. 

Part III. Distinction. Most outstanding 3rd year man in 

any subject. 

War-time work for Ministry of Supply at various places. 

NPL. Worked with Turing and others on hardware and early 

software for Pilot ACE and ACE machines, among earliest 

computers of modern type. 

Exploitation of numerical analysis for important practical 

problems in government and industry, and basic research 

on new techniques, error analysis, etc., especially in 

numerical linear algebra. 

SPSO (Special Merit). 

DCSO. 

CSO (very rare distinction). 

Cambridge D.Sc. 

FRS. 

Visited USSR under Leading Scientist clause of exchange 

agreement between Ac. of Sci. USSR and R.S. 

Turing Award ACM. 

Von Neumann Award SIAM. 

Distinguished Fellow of BCS. 

Foreign Honorary Member of Amer. Academy of Arts and Sciences. 

Listed Engineer of Distinction by Engineers Joint Council 

of USA. 

Honorary Fellow of IMA. 

Awarded Honorary Degrees at, I think, 2 universities. Published 

some 70 papers, 3 complete books and 8 contributions to other books, 

all of gre~t importance and distinction. 
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If your imagination is anything like mine it lo~g ago started 

to boggle at this glittering array of performance, distinction and 

honour. 

But now let me tell you something about Jim Wilkinson a2 a person, 

something c.bout his spare-time activities which, despite his huge 

output of papers and books, he still did and does find time to perform. 

At certain sports he was proficient. In t~e inter-divisional 

competitions at NPL, for example, he rarely lost at table tennis, 

and in the tennis world he and I once won the NPL mens doubles knock

out. He tried at cricket, but to my astonishment c1lways wore his 

Trinity College blazer both on and off the field. I deduced that 

this gave him the distinction which was not too apparent in his 

performance. History-wise his knowledge of Test cricket (and in his 

view only England-Australian contests count as Tests} is infe rior 

only to . that of the late G. H. Hardy. 

At music he doesn't play anything, but has an almost encyclopaedic 

knowledge of classical music. I have a fair number of classical 

records, and one evening I played bits of many records, starting in 

most random places and asked him for identification: He never put a 

foot wrong, getting immaculately correct the .composer, O?US number, 

movement and key. H.~ and his wife Heat.her were staying with us tha<: 

night, and in the middle of the night I heard such raucous male laughter 

from the next bedroom that I thought some memorable orgy was taking 

place, but next morning Heather calmly apclogised for Jim's noise, 

explaining that he was laughing his head off at my discomfiture at 

his success with the gramophone records. 

Still on music, Jim sings. His favourites are the old-time 
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ballads of the Mother McK.ree, My Bonny Lies Over the Ocean, t~1pe. 

He usually sing s quite loudly and with tremendous 0usto, and after 

a dinn'2? r party at his house the chance of a boisterous and quite 

l engthy choir practice is very high. But occasionally, in the 

right company, he can harmonize with something almost approaching 

t enderness . I w0ll remember, when we shared a room a.t one of the 

famous Gatlinburg meetings, how he and I, after non-trivial late 

evening drin~ing sessions, would lie on our beds singing Christmas 

carols. One night Dick Varga came in at about 2 am, and we had a 

threesome. Next. r:iorning at breakfast Fritz Ilauer, with a room 

dinqonally opposite in the same passage, told me that lie very rarely 

had dreams, but last night he thought he heard three heavenly voices 

raised in beautiful and quite close harmony. Quite right Fritz, I 

told him, Fox, Varga and Wilkinso:1, in alphabetical order. 

Talking about drinking, this is another of Jim's favourite 

hobbies . Not only doe;s he know a tremendous amount about wine, but 

he also c onsLLmes a tremendous amount of it, and his house is cra~nmed 

with bottles of it. He enjoys it with a very good dinner, or neater, 

so to speak, in very good company, or preferably both in quick 

succession. And although I don't like ~o admit this, being myself 

some·.-,hat competitive iri nature, I've never seen him significantly 

~ffected b y it. By general consent he is the most polished drinker 

in the m1merical world. At the Gatlinburg meetings he always came 

to bed somewhat later than me, bu1: in good morning time he would be 

boiling o. kettle and tearing up the paper containers of instant coffee, 

milk and sugar for both of us. Whether or not he is especially 

stimulated by scientific cum social meetings of this kind I don't 

really know, but on these occasj_ons he has infinite stamina. 

Holiday wise, the family has a big Volkswagen-type bus, and where 
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would they go except to France, to learn more about t.he wine, bo t h 

j_n internal and exte rnal senses, in well-selected Frer.cn villages. 

But once they get to some place open comes the bus and out c;ome t wo 

bicycles. I well remember at the Nice ICM meeting how the 

Wilkinsons lived a mile or two outside the city, bur- every morning 

Jim and Heather could be observe d cyc}. i n<J s teadily and proudly down 

the promenade at Nice. The Fren ch, of course, love cycling and 

cyc;lists, and afte r a few d ay s about half the populat i o n o f Ni c e 

seemed to be assembling each morning to watch this bizarre English 

spectacle. They probably thought the y were training for the 'four 

de France race. 

And now Jim will be_ changing his life-style a little bit by 

spending some time, for a number of year s, t eaching in t h e Uni7ersity 

of Stanford. •rhey wrote to me! for a referenc e , saying that t h e y 

knew all about his rese arch but wondere d about h.is t e a c h i n g a bil i 1:y. 

I wrote at some length, concluding by s aying that whatEwer Jim 

decided to do he would do ·,e ry well. And then I tl.ought that I shou l d 

add a bit more which might preve nt h i m being a ccP.pt ed , since a s a 

loyal Englishman and numerical analyst I am not too k e en o n our b e s t: 

man leaving us, even if only for a f ew months a. year. So I wrote 

a:1ot her paragraph, saying that a mo ng hi :;; many accompl i shments I c o u l d 

g i.~ar antee that he would write o n t he board thi:1g s qu i t e dif f eren t 

from what he said he was writing, c;:uite regula::ly d r i nk all his ma l e 

students under the table and seduce all the f emal e students. I h ~ld 

my breath for the reply. r.11en this came it s;,.id "Thank you v e Y:y much 

for your very thoughtful letter, which will b e of gre at help in cu r 

decision-making process." As you've gu~ssed, they welcomed him ·11ith 

open arms. 
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So that's my story, and every word of it is gospel truth, 

except just the last bit on what I said to Stanford. Summarizing 

it, there are some eminent mathematicians who really aren't interested 

in much else, whom you would hesitate about taking out for an evening 

drink, who, not to make any more l.>ones about it, are rather dull. 

Jim, on the contrary, is always incredibly good company. 

And now, though I haven't left myself much time, I go on to 

talk about my backward error analysis snippet, to give those of you 

who don't know the nature of Jim's work a brief glimpse, on a very 

small problem, of how I think he goes about solving his big problems. I""" 

ON THE ILL-CONDITIONING OF -

LEAST-SQUARES POLYNOMIAL FITI'ING 

1. INTRODUCTION 

When values Yi= y(xi) of a function y(x) are known at specified 

arguments xi, i = 1,2, .•. , N, then the approximation of y(x) by a 

polynomial of degree k is commonly required in the least squares sense, 

that is such that 

s 

is a minimum with respect to the coefficients ar, r 

polynomial approximation 

y(x) ~ 
k 
I: 

r=O 

r 
a X 

r 

6 

(1) 

0,1, ••. , k, of the 

(2) 
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These coefficients are the k+l components of the vector a, 

which is obtained from the nonnal equations 

T 
X y, 

... , /,, 
J. 

( 3) 

where Xis the (N, k+l) matrix with ith row (1, 

and y is the vector with components y, y, The residuals 
1 2 

are the components of the vector 

r = Xa - y, 
( 4 ) . 

and s 
T 

r r. (5) 

In the classic paper of Forsythe (1957), which recorded "strange 

grumblings of discontent in the computing laboratory whe~ k~7 or 8," 

Forsythe located the difficulty in the fact that the inverse of the 

matrix XTX has some very large elements fork of this sort of size. 

In fact if the xi are at equal intervals in (0, ll this matrix bears 

a close resemblance, increasing as N increases, to a multiple o f t h e 

leading segment of appropriate order of the P.ilbert matrix 

H (6) 

Then ask increases the solution of the normal equations becomes an 

increasingly ill-conditioned problem. Small rounding errors stern··ming 

from the construction of the normal equations, and additional such 

errors induced in the process of solving these equations ma y with 
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increasing k give com;;n1ted polynor.1ial coefficients a which are 
r 

alan1ingly different from the ar which would be produced by exact 

aritha>=tic at all stages. 

But this fact h :1.rdly matters if the resulting sums of squares 

S is not all that different from the trUf! S. Ir. other. words, whereas 

the deterr.1ination of the a~ is certainly an ill-~onditioned proulem 

for this sort of k, t'1~ corresponding determination cf sums of squares 

might _be .reascm,bJ.y well-conditioned in virtue of a significant corr

elation between the various errors in the computed polynomial coefficients. 

This phenomenon is well known for the determination of the number 

p 
T Cy, (7) 

where c is a give!'l vector and the vector y is the solution of linear 

equations 

Ay b, (0) 

witb A-
1 

having large elements caused by one or more very small eigen

values of A. 'T.'he vectcr y is then very sensitive to small. uncertainties 

in A <'l nj b and to rounding errors induced in the solving process, but the 

nurnbE!r p can be relatively well-cGndi tioned when, for example, both 

vectors b and c are nearly orthogonal to the left eigenvect:ors of A 

corresponding to the small eigenvalues. Here, of course, we assume t:rnt 

the t::olving process is numerically stable! and in this connection it is 

;i.lno kr,own that if the computed solution y of (8) .is small, then whatever 

the error in y the corresponding residual vector 

r Ay b (9) 
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will also have small components . 

Somewhat similar results may be kno~n for tlle least-squares 

problem, and indeed Forsythe and others have made some references 

to them, but I have seen no relevant numerical results or explanations. 

2. NUMERICAL RESULTS 

To check the degree of ill-conditioning of s, at least in a 

particular case, we experimented with the data 

-1 
i x. 

1 
0.1 (i-1), i 1, 2, ... , 11, 

and deliberately took no extreme precautions ,..,i th the computation . 

(10)' 

We formed the normal equations by applying fl
2
-type arithmetic to the 

data computed and stored in single -length registers, we obtained the 

solutions by Gauss elimination in single-length and without inter

changes (known to be reasonably stable since the matrix XTX is symmetric 

and positive definite), and we finally obtained the r esiduals ( 4) and 

sums of squares (5) with fl
2 

arithmetLc. (This sort of arithmetic 
k 

computes r~l ar Br from single-length ar and Br by forming double-

length products and double-length sums and finally rounding to single

length). 

In Table I we present the results of the computations for 

k = 5,6, ... , 10 in suitable summary. Column (a) gives the infinity 

norm (maximum absolute value)
0

of the computed polynomial coeffi ci en ts 

ar, column (b) the corresponding norm of the error of t21ese results, 

column (c) the norm of the residual vector computed fro :n (4), column (d) 

the norm of the error in these results, column (e) the c omputed value 
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i--17 ~ 7 £-11.. 

of the sums of squares and column (f) the error in this quantity. 

In all cases we give only enough figures to illustrate our main points. 

TABLE I 

llci UQO ll <-t- i lloo !tr ll '- (C'~ s e-
.. it'-\ .J €..nt,., 

k (a) (b) (c) (d) (e) (f) 

5 46 5.lxlO 
-4 

l.SxlO 
-2 

5.5xl0 
-7 

l.lxlO 
-3 3xlo-12 

6 127 2.5xl0 
-2 

7.7xl0 
-3 

4.7xl0 
-6 

l.6xlo 
-4 7 .2xl 0-ll 

7 323 0.87 2.3xl0 -3 
2.3xl0 

-5 
l.SxlO 

-5 
2.oxlo 

-9 

8 942 155 9.3xl0 
-4 

5.2xl0 
-4 

2.5xl0 
-6 

l.2xl0 
-6 

9 333 2.lxlo
3 

l.2xl0 
-3 

l.2xl0 
-3 

3.3xlo 
-6 

3.3xlo -6 

10 436 5.5xlo
3 

l.lxlO 
-3 

l.lxlO 
-3 

3.3xlO 
-6 

3.3xl0 
-6 

3. BACKWARD ERROR ANALYSIS 

Before we can comment in detail on these results it is necessary 

to discover the main factors which contribute to the error in the 

computed S, and this we can do nicely with the technique of backward 

error analysis. 

With exact computation equations (4) and (5) give 

s TT T 
a X Xa - y Xa 

.J 
-=-0 

YT (y - Xa) 

on making use of (3), and indeed 

s T 
- y r 

TT T 
a X y + y y, 

10 
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with further use of (4). With inexact computation the normal matrix 

· is replaced by XTX + E1 and the right of (3) by XTy + e, where the 

elements of the "perturbations" E 1 and e amount at most to a small 

multiple of 2-t times the corresponding elements of XTX and XTy, 

where tis the single word length of our machine and we have used 

£1
2 

arithmetic on da ta stored in single -length registers. It is also 

we ll known tha t our me thod of solution p r oduces the vector a which 

satisfies exactly the equation 

(1.4) 

where the elements of E2 are at worst little greater than those of E1. 

We can therefore write (14) in the form 

(15) 

where the norms of E and e are little greater than 2-t times the norms 

of XTX and XTy, respectively. 

The computed Sis given by (11) with a replaced by a and with 

neglect of the error of the result of the fl
2 

computation which can 

affect only the last digit or so of s. Then we eas~ly find 

s 

and 

s T - a) 
-T 

Ea) s - y X(a - - a (e -

T T -
ax X(a - a) 

-T 
- a (e - Ea) 

(16) 

(17) 

If . 
·¥.T (X "i;-v,) V'\ r,", 11 (\~) ~) e- E~ :::. 

~ 
'(\(/'I,.,..,,,. 

~'(.,NI• 



with the use of (3). FUrther use of (3) and (15) then gives the required 

result 

s - s -T T -(a - a ) (Ea - e), (18) 

and hence 

Is - s1~11a - aHIIEllllall + Uelll. (19) 

'l'he term in II ell is obviou·sly relatively negligible .:::ompared with ti Eil II all, 

and we therefore find t.o a good approximation the result 

(20) 

The null'.ber IIEil can vary at worst only slowly as k increases even ' 

with our unrefined solving pro:::ess, and the choice ll,EII = 2-t cannot be a 

gross overestimate. Indeed the results of Table I ccnfirm the analysis 

and this suggestion. With an equality sign in (20) the respective 
-10 -11 

compute d values of IIEII for k = 5,6, •.• , 10 are l.3xl0 , 2.0xlO ~ 

0.7xlo-11 , 0.82xlo-11 , 0.47xlo-11 , 0.14xlo-11 , and on the ICL 1906A 

mcichi ne t-37. (The errors in S for k = 5 and to a smaller extent for k 6 

are so" small that the errors in the fl
2 

evaluation of S are not quite 

r.eg l lgible, and the est.ima ted figures for II Ell may be larger than their 

true values . ) 

4. DISCUSSION OF NUMERICAL RESULTS 

The results of Table I show that we can get very good results for 

values of l: up to 7, and k=S still gives a significant decrease in the 

sums of squares. Even for k=9 and 10, for which the exact S values are 

-

quite a ~it smaller than the computed S, the latter still show improvements -
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over the computed results fer k=7 and are little inferior to the 

computed results for k=8. 

The re s ults for k=9 and k=lO are really quite remarkable in 

d emonstrating the good conditioning of S compared with that of the 

computed coefficients . Table II shows for these cases the rounded 

computed polynomial coefficients (cc) and the corresponding true 

coefficients, and in both cases there is no sort of agreement beyond 

about a2. Nevertheless the computed S, though quite a bit larger 

than the true S (which for k=lO is of course zero) are by no means 

catastrophically inaccurate. Moreover the two cases , with completely 

different coefficients beyond as, give essentially the same S. 

TABLE II 

k = 9 k = 10 

(cc) (tc) (cc) (tc) 

ao 1.000 1.000 l.000 1.000 

a1 -8.43 -8.96 -8.46 - 9 .13 

a2 48.0 59.1 48.7 65.3 

a~ -167 -267 -174 -334 

a'+ 333 804 368 1190 

as -328 -1600 -436 - 2923 

a6 12.9 2070 239 4912 

a, 296 -1670 -21 -5531 

a a -262 76 2 21 3981 

a9 74 -150 -70 -1.652 

a1 o 32 300 

s 3.3xl0 
-6 s = 3.3xlO 

-6 
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It is now interesting to investigate just why the results for 

k ~ 8 are by no means catastrophic, and for this purpose we examine 

the three factors in the expression (20) for the error in the computed 

s. By suitable computing methods we can always keep IIEII quite small, 

and we are then concerned with the sizes of II all and II a-all and their 

product. For these values of k we are teetering on the brink of 

singularity, and we sugge3t. that our best hope is to have a reasonably 

small II aU, whether or not II all itself is large. 

Table I shows that we did indeed achieve this in our particular 

example, les s so fork= 8 but quite remarkably fork= 9 and 10. The 

case k = 8 is rather interesting, in a way revealed by a somewhat 

accidental calculation in which we computed the coefficients and right

hand side s of the normal equations with double-length accuracy 

throughout and finally rounded to single length. We then solved these 

equati ons with double-length accuracy, with the result that the 

perturbation E in (iS) is virtually zero. We obtained for S the rather 

surprising number 

s·-o .08, (21) 

and this is explained by the fact that the computed a has norm 

!I all -o.4 :< 10 5
, (22) 

very muc!-1 larger than llall, so that two of the factors in our expression 

for Is - sl are now very large. 

So the answers here are substantially poorer than those of Table I, 

even though we used significantly more accurate arithmetic. Not for 
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the first time in numerical processes, in fact, it pays us here to 

use rather inaccurate arithmetic,in this case to produce quite a 

substantial perturbation E in (15). This is deliberately de signe d to 

keep XTX +Eat least a little way from true singularity, tha t is, for 

example, to prevent its smallest eigenvalue getting too sma ll. 

In this example the true polynomial coefficients get larger ask 

increases, but another expectation stemming from the formula for ls - sl 
is that our computed results should b e q u ite a bit better if both the 

computed a turn out to be s mall and t he true coefficie nts~ are als0 

small. To t e st t hi s we _appl ied the same sort of a rithme tic a s that 

used in the production of Ta b l e I to the values of t h e function e x at the 

same equidistant points in [o, l]. Here the exact coe fficients a r e not 

unlike those of the exponential Taylor's series, a nd the computed coe ff

icients did in fact s t ay quite small. Some results are shown i~ Tabl e III. 

TABLE III 

k II all s 
5 1 0.7xl0-ll 

6 1 0.4xl0-ll 

7 1 O. 2xl0-ll 

8 1.6 O.lxlO 
-9 

9 3.6 O.lxlO 
-10 

10 5.0 0.8xl 0-ll 

Our two examples are perhaps a bit spe cial, since in both cases the 

data yr represent smooth functions without significant kinks in these 

discrete values. Quite large kinks obviously represent a more practical 

situation, and as a test we used the exponential data perturbed by 
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± 0.005 wj.th alternating signs through the 11 data points. Table IV 

shows some of the results of this computation. 

TABLE IV 

k Dall llall s s 

5 l 1 O. 24xl0 
-3 

O. 24xl0 
-3 

6 0.18xl0 
2 

0.18xlo
2 

O. 20xl0 
-3 

0.20xl0 
-3 

7 0.18xl0
2 

0.18xlo
2 

o.2oxlo 
-3 

0.2oxl0 
-3 

8 0.14xlo
4 

O.llxlo
4 

O.lSxlO 
-3 

0.14xl0 
-3 

o.54xlo
3 

O.llxlo
4 --1 -3 

9 0.14xl0 - 0.14xl0 

10 O. 35xlo
3 

0.18xl0
6 ·o.14xlo -3 

0 

Here the results are extremely reliable up to k = 9, and even 

k = 10 does not give any really serious error. In this example, of course 

the true S, at least for k~9, is so large that we can still get accurate 

resul t.s even though both II all and II a - all are qui tE: large. 

5. HOW FAR CAN WE GO? 

Our examples are still very special in thc1.t the degree of the 

fitted polynor.:iial is not significantly smaller than the number of data 

poinLs. As a final test, and to see ,how large a degree will still give 

at least r espectable results in a realistic example similar to that 

Hayes (1970) we took 51 values of e 
X 

' at X = 0(0.02)1, rounded them 

to 17 binary places, and with our usual arithmetic worked out :the s 
for increasing values of degree, k of the fitted polynomial. The 

results are shown in Table V. 
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TABLE V 

k s k s 
1 0.218 11 0.47lxlo -9 

2 0.159xl0 
-2 

12 0.344xl0 -9 

3 0.648xl0 
-5 

13 0.907xl0 
-9 

4 0.354xl0 
-9 

14 0.453xlO -8 

5 0.354xl0 
-9 

15 0.489xl0 -9 

6 o.314xl0 
-9 

16 0.624xl0 
-9 

7 0.315xl0 
-9 

17 0.412xl0 -8 

8 0.464xl0 -9 
18 0.853xl0 

-8 

9 0.52lxl0 -9 
19 o.360xlO 

-7 

10 0.399xl0 
-9 

20 0.314xl0 
-9 

We see somewhat erratic behaviour in the results fork= 14,17,18 

and 19, and as we now expect it is for these values that the coefficients 

get rather large and mirror the ill-conditioning of the nonnal equat

ions or, equivalently, have too small an E-type perturbation. At k = 6 

we have llaU = 1, but fork= 14,17,18 and 19 the corresponding norms are 

62, 30, 32 and 50. ~t k 20, with an excellent result, the value of 

llaN has shrunk again to something less than 7. 

There remains the possibility of deliberately adding a somewhat 

larger perturbing matrix to the computed normal matrix with the explicit 

intention of keeping UaU quite small. This technique is used in various 

contexts in numerical methods, and while this was being written we came 

across a paper by Kydes and Tewarson (1977) which in a context somewhat 

similar to ours uses the matrix XTX + £I . for a range of£. In that 

paper, however, they were more concerned with producing an accurate a, 
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in our notation, rather than an acceptable s. 

Carrying out this operation in connection with our last example, 

with£= o.5 x 10-p for p = 6,7,8,9,10,ll, we find that for p = 6,7,8 

and 9 the computed S essentially decreases quite steadily, whereas for 

p = 10 a nd 11 the ~erturbation is too small to give results significantly 

different from those of Table V. The smallest Sis produced with p = 9, 

and for all our k we find for this p that nan only negligibly exceeds 

unity. We have achieved our objective, and in consequence produce the 

really very good results shown in Table VI. The correct Sis given for 

-

comparison, -

TABLE VI 

k 10
9s 10

9
S k 10

9s lo
9s 

5 0.354 0.354 13 0.294 0.238 

61 o.314 0.314 14 0.285 0.238 

7 0.315 o.313 15 0.283 0.234 

8 0.305 o.3o4 16 0.210 0.234 

9 0.305 0.304 17 0.266 0.228 
10; o.305 0.298 18 0.267 0.228 

11 0.305 0.239 19 0.266 0.222 

12 o.3oo 0.239 20 0.266 0.222 

We see that Sis very accurate up to k = 10, and fork= 11 to 20 

the error is a fairly constant 20%, by no means disconcerting. It is 

also interesting to examine the number 
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K(k) {S/(N-k-1) }\ N 51, (23) 

which according to Hayes (1970) decreases steadily and then remains 

fairly·constant for at least a significant number of increasing k 

values. Here K(6) is a minimum, at about 2.67 x 10-6 , and from k = 7 

to 20 the value increases fairly steadily but has a maximum at k = 20 

of only 2.98 x lo-
6 • In this context · also the results are ve ry satis

factory. 

6. CONCLUSION 

We have demonstrated that least-squares polynomial fitting need 

not give hopelessly unsatisfactory results even for polynomials of 

quite large degree provided that we do not try to be too accurate in 

our computations, and our analysis has thrown some light on this fact. 

Without too many spurious precautions we can, at least for some problems, 

produce reasonably accurate sums of squares even if the coefficients 

of our polynomial approximation are very different from those which 

would be produced by exact arithmetic. We do not conclude that our 

method is competitive in all cases with the use of orthogonal poly

nomials as described by Forsythe (1957) and Hayes (1970), but in our 

context things are not quite so black as they have been painted~ 
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