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l~Vl::RSE ITERATION~ NEWTON'S METHOD, 

···· AND- NON-LINEAR - EIGENVALUE PROBLEMS 

by 

M. R. Osborne 

1. INTRODUCTION 

Inverse iteration as a ccmputationally respectable device 

probably dates from Wilkinson's 1958 Computer Journal paper. Here 

it is regarded as one of two unifying ideas (the other being Newton's 

method applied to a suitably chosen function) which permit a wide 

range of algorithms for the algebraic eigenvalue problem to be treated. 

The scope of the discussions includes problems non-linear in the 

eigenvalue parameter, and possible approaches to the questions of 

determining the rate of convergence, and of finding a succession of 

eigenvalues are sketched. 

"Finds a maximum of sixteen eigenvalues, uses the power method" 

describes briefly the eigenvalue subroutine provided for the Ferranti 

Pegasus computer in 1957. Of course such a procedure today would 

be unac c eptable. However, if we are prepared to define state of the 

art in this context by reference to the latest commercially available 

product then this subroutine was state of the art just 20 years ago. 

For this reason it is useful both as a reference point which can be 

used in measuring progress and as a guide to the prevailing attitudes 

both influencing the choic,e of techniques and providing the in-buL!. t 

pre-conceptions that are the main deterrent to innovation. For the 

purposes of this paper the significant fact is that inverse iteration 

not only was not employed, but that it was regarded as a very doubtful 
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numerical procedure. The argument 'is summarized in Stiefel (1958). 

Essentially inverse iteration involves the solution of a system of 

linear equations at each stage, and its effectiveness is easily seen 

to depend on the approach to singularity of these equations. The 

dilemma is that a system of linear equations with a nearly singular 

matrix is known to be difficult to solve numerically. Thus inverse 

iteration depends on the solution of a numerically difficult problem 

and so must be regarded with considerable suspicion. 

It is in this context that the problem resolution given in 

Wilkinson (1958) must be evaluated. On one level it gave a nice 

application of the backward error analysis the power of which was 

just starting to be explained to us, but it also provided a startling 

example that a method which may be totally unsuitable for one formul

ation of a problem may be first rate if we only state our requirements 

somewhat differently. Thus it was one of those seminal papers which 

forced us to reappraise our approach to the analysis and implementation 

of computing algorithms and by so doing provided the foundations for 

modern numerical analysis. 

For my part it was an important starting point for the work 

reported here, and for this reason it is perhaps advisable to recall 

in outline the key ideas. Consider the system of linear equations 

[ A - Al] X b (1.1) 

where A is an n x n matrix with right and left eigenvectors u
1

, v
1 T 

normalized so that vi uj = oij' and corresponding eigenvalues "i' 

i=l,2, ••• ,n. With this information we can write down an explicit 

solution to (1. 1). We have 
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X 

T 
n vi b 

r X--:->.ui~ 
i=l i 

(1.2) 

If A is close to say Ai then the system is certainly ill-conditioned 

for solving the system of linear equations. For assume that we have 

obtained by means . of a "good" numerical procedure a computed solution 

y satisfying exactly the system 

(A + oA - AI)y b + ob (l.3) 

where small bounds are available for the quantities lloAU, Uobn. If 

the eigenvalue problem for A is well-conditioned in the sense that 

the corresponding eigenvalues and eigenvectors of A+ oA have the 

form ui + Cui, vi+ ovi, Ai+ OAi where the perturbations are also 

small and tend to zero with DoAII then we can write yin the form 

y 
n 
E 

i=l 

(v. + ov.) T (b + ob) 
1 1 

If o>.i is comparable with Ai - A for any i then the solution 

of the system of linear equations will have the form 

(1.4) 

(1. 5) 

where ~i is of the same order as 1/oAiand, as a product of the 

computational procedure and the particular computing equipment used, 

is necessarily unpredictable. Thus x and y may disagree in all figures 

so that y is unacceptable as a solution to the system of linear 

equations. However, y is almost parallel to ui so th~t the method is 

excellent for calculating eigenvectors. Thus inverse iteration works! 
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The next step is to exploit the fact further. Here we are 

interested in iterative procedures for finding values of a parameter 

A such that the homogeneous linear system 

M(A)U 0 (1.6) 

has a nontrivial solution. No presumption is made that A appears 

linearly in the elements of M so we refer to (1.6) as a non-linear 

eigenvalue problem, and it will be convenient to refer to values 

of A for which a nontrivial u exists as eigenvalues. The class of 

algorithms to be developed possesses a family similarity to inverse 

iteration so that we expect that good numerical properties of this 

procedure will be inherited. The basic idea of the method is intro

duced in the next section in which the steps that lead to the i ·nitial 

formulation are retraced. In section 3 the method is given in its 

general form and its relationship with other procedures indicated. 

A rate of convergence analysis is presented in section 4 and the 

pap~r concludes by outlining in section 5 some other algorithmic 

possibilities and some kinds of problems which can be tackled within 

the framework of our approach. 

2. FIRST STEPS 

The initial impetus* towards the development of the class of 

3.lgorithms described in ·the next section resulted from a colloquium 

given by J. H. Wilkinson at Imperial College late .i.ri 1960 and 

publ~shed subsequently in Wilkinson (1961) in which he discussed 

the u s e of the Rayleigh Quotient to obtain improved eigenvalue 

estimate s. It appeared that some of the ideas were directly applicable 

to the calculation of eigenvalues of difference approximations to 

* ~or the benefit of those who attended the IMA meeting perhaps I should 

add that the value of Sidney Michaelson's building(?) exploits 

were purely incidental. 

24 

-

-



-
·-

-

-
-

-

ordinary differential equations, and it was not difficult to 

demonstrate that this was in fact the case. To show how the 

argument develops the presentation given in Osborne (1962) is 

followed. 

We consider an eigenvalue problem for a second order ordinary 

differential equation with separated boundary conditions, and it 

is well known that discretization by means of a compact difference 

scheme reduces this problem to an algebraic eigenvalue problem having 

the form 

(A - t..D) u 0 (2.1) 

wher~ A is symmetric and tridiagonal, and D diagonal with positive 

elements. Given A we can use the fact that the scale o f u is 

disposable in (2.1) to fix(u)1,and in this case the remaining comp

onents of u can be found successively from the first (n - 1) equations. 

By this marching procedure we can, for any value of A, solve the 

system 

(A - t..D)u S<>..> e n 
(2 .2 ) 

where the form of the right hand side shows that the final equation 

will be satisfied only if A is an eigenvalue. If A is not an eigen

value then we can estimate a correction by forming the Rayleigh 

Quotient. Thus we obtain 

T 
u Au 

T 
u D u 

- A 
(2.3) 
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which gives the correction in a very compact form. Further, it 

follows from Wilkinson's results and standard properties of the 

discretization that an iterative procedure based on this correction 

would have a second order rate of convergence. 

The interesting thing about (2.3) is that it provides ·a second 

order correction at the cost of just one solution of a marching 

problem of the form (2.2). This is in apparent contrast to the well 

known shooting method (Fox (1958)) in which Newton's method is used 

to find a zero of S(A). This requires a knowledge of~ - which is 

calculated from the system 

du 
(A - AD) dA - Du (2.4) 

T du 
e1 dA = O, (2.5) 

obtained by differentiating with respect to A both the · system (2.2) 

and the scaling condition that(u)l is fixed independent of A. The 

solution to (2.4), (2.5) requires a second marching calculation with 

as b . d . d A eing etermined from the condition that the final equation of (2.4) 

be consistent. 

This leads to the question of the relationships between the two 

methods, and to display this let 

We have 

u* u/ (u).n, S* S/(u)n: 

(A - AD)u* S* e n 
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and, noting that(u*)n=l independent of A, 

T du* 
en a:r- = O. 

Differentiating equation (2.6) gives 

(A _ 'D) du* 
I\ a:r- - Du* 

Taking the scalar product with respect to u* we obtain 

d/3* = u*T(A - AD) 
du* u*TD u* 

dA a:x- -

/3* 
T du* u*TD u* e n a:r- -

so that the correction given by Newton's method in this case is 

d/3* /3(u}n 
- S*/a:x- = T 

u Du 

which is identical with (2.3). 

(2. 7) 

(2. 8) • 

Thus the difference between the Rayleigh Quotient procedure and 

the shooting approach can be considered to bn caused effectively by 

different ways of fixing the scale of the vector u in (2.2). By using 

Cramer's rule we can give explicit formulae for /3(A) in each case, and 

it is convenient to denote by Ai the principal minor of A obtained by 

deleting the ith row and column. 
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(i) The Shooting Method. 

whence 

The scaling condition is(u)ia 1. We have 

1 = (uh 

det 

0 

0 

0 

1 

A12,0 ••• ,0 

/det(A - AD) 

n-1 
(-1) n-l 8 IT ~j ( j+l) /det(A - 7.:D) 

j=l 

det(A - AD) 
n-·l 

(-l)n-l IT A 
j=l j(j+l) 

'Thus 8(A) is essentially the characteristic polynomial in this case. 

This procedure can also be identified with Hyman's method which is 

analyzed in Wilkinson (1960). It is known to be a ver:y satisfactory 

procedure. 

(ii) The Rayleigh Quotient. 

The scaling condition is(u)n l" We have 
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1 = (u)n 

whence 

s 

A - AD 
n n 

det s 

o ... ,O,An(n-1) 

/3 det(A - AD ) /det(A - AD) 
n n 

det(A 
det(A 

n 

AD) 
- AD ) • 

n 

rl /det(A - AD) 

0 

1 

Here $(A) is a rational function with real poles and zeros and wit~ 

the poles and zeros interlacing. This is a po ,:ential defect of the 

method in certain circumstances because Newton's method need not 

converge rapidly until the error in the eigenvalue estimate is sma ll 

compared with the corresponding pole-zero separation. This separation 

can be pathologically small in the important problem of finding eigen

values in the discrete spectrum for a problem on an infi.ni t e interva l. 

3. A CLASS OF ALGORI'IHMS 

The ideas underlying the approach given in the previous section 

can be adapted readily to provide a class of iterative methods for 
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the general problem (1.6). We select suitably scaled vectors x 

ands and a constant K, and then define 8(A) by means of the system 

M(;,\)u 

'r 
s u 

SC\) X , 

K • 

(3.1) 

(3. 2) 

It is convenient to think of the solution of this system as proceeding 

in two stages, in the first of which the system 

Mz X (3. 3) 

is scl ved while in the second we multiply z by a scale factor to 

ens ure that the resulting vector satisfies (3.2). This scale factor 

is just 8(A). In general 8(A) is a function that vanishes at some 

or all of the eigenvalues of (1.6) for as A approaches an eigenvalue 

then, unless x has been chosen with ·considerable perverse ingenuity, 

the components of z must increase without bound ( the inverse iteration 

mechanism again ) so that 8(A) must be chosen correspondingly small to 

ensure that u satisfies the scaling condition (3.2). Thus the 

eigenvalue problem (1.6) can be replaced by the problem of finding the 

zeros of 8(A). 

Written out .explicitly we have 

8 (A) 
K 

(3.4) 

As in the previous section the use of Newton's method is considered. 

This requires a knowledge of~~, and to determine this (3.1) and (3.2) 
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are differentiated to give 

M du dM as 
d>.. + d>.. 

u = 
d>.. 

X ( 3. 5) 

and 
T _du 

s 
d).. o. (3.6) 

Thus, from (3.5) and (3.1), 

du -ldM aS/d>.. 
d>.. + M dA u -s- u 

so that 

s 
T 

o>.. s u 
- dS/d>.. = - T -ldM 

s M d ).. u 

(3. 7) 

In this form the correction was given in Osborne and Michaelson (1964). 

Note that in general two systems of equationn . .,ith matrix M must be 

solved, and this corresponds to the two marching calculations required 

in the shooting method given in the previous section. Note also that 

the correction is independent of the scales chosen for sand x. 

Example (i) 

The Rayleigh Quotient iterations for M A - >..I, A symmetric. 

( a) Let X = [ A - >..I] u, and s 

factors, then (3.7) gives 

T 
u u 

u, up to appropriate scaling 
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'rhis form of correction was suggested by Crandall (1951) and 

Os t.rowski (1958). It is of interest also to note that Kahan and 

Parlett ( 1968) have been able to prove global convergence for un 

algorithm based on this correction. 

(b) Let x = s = [ A - >..I] u, again up to an appropriate scaling 

factor. 'Ihen 

'rhis is the us 1.1al form of the Rayleigh Quotient correction. 

Exa mp le (ii) 

Anselone and Rall (1968) apply Newton's method directly to the 

sys tem of non-linear equations 

This gives 

M(>..)u O • 

T 
S u K. 

M( A) ou + OA~ u = •-Mu 
d ;\ 

from wh ich we obtain 

K 

T -l &'1 
s M d). u 
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'This is exactly equation ( 3. 7) .i;•rovi.ded K = s T u. 'rt,is rEclation 

holds after t':'le first iteration for we have 

'.(' -J 
s M 

ciM 
a>. u K. 

To obtain an exact corresponde:ice we must take Sx = Mu. ':'hus the 

first system of lir:edr equations is solved trivially in ~his cas 2 

so that the i t-:l"at.ions involve only one solution of linear equations 

per step. 

Example (iii) 

Another class of iterations can be based on fac t orizations of 

the watrix M of the form 

.M S T 

where S is essent.ic-l .ly non-singular from its mode of construc tion 

ar.d where the condition for T to be singular takes a s imple fom . 

Such an iteration has been g i ven by Kublanovskaya (1 969) where M 

is factorized into orthogonal times upper triangular by (say) ~ousc

holder transformations, and where colu,-nn pivoting i .s used . If we 

write the result in the form 

M P Q R 

then the column pivoting ensur~s t.hat Rnn is tr.e smallest of the 

Rii, i=l, 2, ••• ,n, and that Rnn passes t h.rough zero when N( A) is 

singular. This case corresponds to ot:r procedt::'.:"e wj_ th Ps ~ e , 
n 

QTx ~ e • We t .ave from (3.4) that 
n 
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K 

K 

K R 
nn. 

One possible problem might arise in the application of Newton's method 

to this case because tile pivoting method could make it difficult to 

ensure that S(\) is c ontinuously differentiable . However, the 

connection establishec. between the Q R method and inverse iteration 

by J. H. Wilkinson suggests that this is not a serious consideration. 

Exar1p l e (iv) 

A further approach which has also been considered (Lancaster 

(196 4 )) can be based on tl,e observatio~ that if\* is an eigenvalue 

of (1.6) then M(A*) will have a zero eigenvalue in the usual sense. 

In this case consider 

l M(A) - µ I) w 0 (3.8) 

whereµ is the smallest eigenvalue in modulus of M(A). The problem 

' dµ now becomes that of finding a zero of µ(A) . To compute dA differ-

entiate (3.8) to obtain 

[ !-1 - lJ I] dw + [ dM - dµ I] w 0 
' dA dA dA • 
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If z is the left eigenvector corresponding tow then 

dµ 
d>. 

T dM T 
z dA w/z w 

and the Newton correction is 

o>. µ ZT w 

T dM 
z dA w 

T 
z M w 

'I' -1 dM 
z MM dA w 

which :f.s in the form ( 3. 7) with x 

Remark (i) 

\·1, B µ, and s 

These examples show that our basic approach includes a substan

tial range of what. might initially appear as unrelated methods . 

Certainly the ability to choose x ands provi~es a great deal of 

scope for developing me
0

thods suitable for particular problems. The 

power of our approach will be underlined in the next section where 

it will be shown that a simple and general discussion of the rate of 

convergence behaviour is possible. 

Remark (ii) 

The basic algorithm when applied to a linear eigenvalue problem 

involves two steps of inverse iteration followed by the calct:.lation 

of a shift or origin. Procedures of this kind aie analyzed in 

Wilkinson (1965)_ 
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4. RATE OF CONVERGENCE ANALYSIS 

In general the rc:.te of convergence of the class of algorithms 

desGribed in the previous section is second order. However, it is 

known that in certain circumstances third order iterations are 

possible. These have t:.r,e characteristic that it is necessary to 

update not only A but also x and/or s so there is a sense in which 

the particular f3 changes also at each iteration, each S being 

selected just for the itt::!ration in which it can give th.a extra order 

of correction. In this section an analysis of the rate of converg

ence behaviour is presented which permits a ~haracterization of the 

circumstances under which third order convergence is possible. !t 

is based on tbe following result which is readily verified by direct 

calculation . 

Lemma 4.1 

Let 

¢(->..) (4. . 1) 

whe:r.e a;.., 1 and 8, ·J;(O) /. O. Then Newton's method applied to <P 

to' find the root. A = 0 ·has a rate of convergence equal to a + 1. 

'I'he main asswnption made in our analysis is that M( ;\) has a 

s imple, isolated eigenvalue at A= A*, and it is convenient to make 

this concepc precise by introducing the singular values ai , i=l,2 , ••• n 

of M(A)i· (ai {\O.?Mi }½ where the ;iositive square root is taken) . 

t 'i'his follows a su,;gestion nade _by J. H. Wilkinson following the 

presentation of this paper at the IMA meeting that the use o f the 

singular valu<i! decomposition might simplify the analysis . 
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- Definition 

M(A) has a simple isolated eigenvalue at A 

(i) 0 1 (\*) o, 

(ii) a2 (A*) > o, and 

o, 

where it is assurned that the singular values are ordered so that 

where possible ambiguities in identification for A f \* are resolved 

for both the positive singular values ~nd the c orresponding vector s 

by asking that they change smoothl y in a s mal l enough neighbourhood 

of A*, and where we note the jump in deri va ti ve in o 1 as ), passes 

through A*. To avoid complications from this cause v.·e assume that 

A>A* for the purpose of our analysis. 

To make use of Lemma 4 .1 we need t.'1e following result which is 

derived in the appendix. 

Lemma 4. 2 

Let A* be an isolated simple eigenvalue of M( A). Then for j\ - A~I 
small enough we have 

(i) 
-l 

M (A) 

T 
__ u_~ +A+ (A - \*)B + (A - \*) 2C 

(A - A*) do1 
F 
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where u
1

, v_ are the right and left eigenvectors of M(A*) associated 

with the eigenvalue (in the usual sense) zero. 

(ii) (4.3) 

(iii) A has rank at least (n - 1), and has full rank iff 

(iv) 

(v) 

iff 

A dM (A*) ul 
a>.. 

1 1" 
- 2 dal/dA ul 

(4.4) 

(4. 5) 

(4.6) 

Tnis result permits us to cnlculate 8(;\) in an appropriate form. From 

(2.4) we have using (4.2) 

8(;\) 
K 

T - 1 
s M ( ;\ )x 

(4. 7) 

K(A - ;\*) 

(sTu1) (VT1X) T 
- + (A - ;\*) SAX+ O(;\ - A*) 2• 

dal: /d;\ 

From this we can deduce an immediate order of convergence result. 

Theorem 4 . 1 

Let;\* be an isolated simple eigenvalue of M(A*) and assume 
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jA - At! small enough. Then Lemma 4.1 is applicable for all 

x, s such that 3 l;;1 > o, independent of A, such that 

and a third order correction is obtained provided,for each A,s and 

x can be chosen such that '.3 l;;2 > O independent of A such that 

This is possible if for each A 

and 

(ii) T o, 

where y > 0 is a scale factor depending on the choice of scale for x 

and s3 a fixed positive constant. 

Remai.k (i) 

There is a reciprocity between the r6les of u 1 , v 1 and x, s, 

and i tera1 ·.h,ns really split 1.1p into two subclasses corresponding to 

iterations for column and for row eigenvectors which also reflect 

this reciprocity. The above result concentrates on relating x to 

~ (A*)u 1, and requires no more of s than that lsT u 1 j > r;;,. > o fo'!': 

some fixed constant r;;,.. This turns out to charaeterize the iterations 

which simultaneously generate the column eige nvector. 
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Remark (ii) 

The condition 'l" O is satisfied if 

MG+ H N 

where G and Hare arbitrary matrices. 

Remark (iii) 
T 

'Toe condition s 'I.\ -:/ 0 is readily satisfied in practice - for 

example by choosing s = ep where (u
1

)p is a relatively large compo

nent of n
1 

• 

'Theorem 4.1 shows that we can obtain a third order iteration for 

A if we can find an x at each stage which estimates : (A*) u
1 

with 

an accuracy comparable with the accuracy of the current estimate of 

A*. Conditions under which this can be done are given in Theorem 4 . 2 . 

Theorem 4.2. 

If I>.. - t..*I is small enough, 

X 
d.M 

Ya>.. (;\*)u1 + (;\ - ;\*)a (4 . 9) 

where a is a bounded vector, and 

M(A)-
1 

: 
-1 

C = (A*) M(A) x . (4 . 10) 

Then 

w (>.. - >.. *) 2c X ul + O(A - A*) 3 (4.11) 

whe re 

X Y + O(A - A*) 
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if and only if (4.6) holds. 

Proof 

From Lemma 4.2 

-1 
M(A) X 

where 

e V1 a Y T 
{ 

T } 
Y + ·dcr1 /a\ - 2 aa1 /d>-

(\ - A*) + O(t- - 1-*) 2 

Thus 

(4.12) 

where 

X = 0 + O(A - A*) 2
• 

The desired result now follows from part (v) of Lem:na 4.2. 

~(i) 

The condition (4.6) holds provided 

WM • (4.13) 

This is more restrictive than (4.8). However, examples where it applies 

include: 

(a) 

(b) 

M 

M 

G - ), H, a,d 

cos\/AG + sinv>.H, 

for arbitrary matrices G and H. 
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Remark (ii) 

To use this result we would want to compute band c using 
dM dA eva ulated at A rather than A*, and then evaluate the next x by 

computing~~ w with~ evaluated at A+ OA. It is readily seen that 

t he c o nclusion is unaffected if this is done. !n fact only the 

calcu l ation of c ne ed be checked, and the effect here is to add a 
d 2 M 

t e r m 0A-- (A*) u to the right hand side of (4.12). 
dA2 l 

Remark (ii i ) 

The above cons ide rations lead to the algorithm proposed by 

Osbor ne a nd Michaelson (1964). This has the general form: 

X . 
l. 

M(A. )w. 
l. l. 

X, 
l. 

Select si (c.f. the remark (iii) following Theorem 4.1), 

" -i 

T 
S , V , 

1. 1. 

T 
s . w. 

l. 1. 

(Note ui, vi are not the vectors in the singular value decomposition of 

M here). 

To conclude this sec tion we note that the case of repeated roots 

has be e n excepted from our discussion ~hus . far. However, the 

behaviour in thi s case is well illustrated by the simplest examples: 

(i) Mis non-defe ctive. 
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We take M = AI and obtain 6 = -T- A. This case presents 
S X 

no problems. In the general problem this corresponds to the case 

of several zero singular values each having a non-zero d e rivative 

with respect to A. 

(ii) M is ,defective. 

Consider M = [G· K A2 

Then 6 = _1 + 2A 

Thus 6 has repeated roots in this case. In the general case this 
• dCJ1 correspc~ds to~= Oat A*. 

5. OTHER POSSIBILITIES 

Of course Newton's metho.d does not exhaust the possible tech

niques which can be applied to find a zero of 6(A). Alternatives 

include multipoin~ iterations which are available whens and x are 

fixed, and the particular case of the secant algorithm has been 

considered by Ruhe ( 1973) • However, as the bulk of the work in 

non-sparse problems lies in factorizing M(A), it is perhaps more 

profitable to consider iteration functions that involve higher deri

vatives of 6. To calculate these it is convenient to write (3.1), 

(3. 2) as 

(5.1) 

and then higher derivatives can be found by differentiating this 

system. It is possible to perform the initial steps using M only, 

and this is useful ifs or xis to be chosen adaptively, by factorizing 
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Min some suitable form and then using one of the stable methods 

£or determining the factorization oi the bordered matrix. For example, 

if 

M QR 

where Q is orthogonal and R upper triangular then we can write (5.1) 

as 

(5. 3) 

and the factorization can be completed by using plane rotations to 

sweep out the elements of the last row below the diagonal in the 

second factor. One application that has been considered is the use 

of the IT ?",; table (Gragg (1972U to generate estimates of other. roots 

(and poles) which can be used to provide starting approximations in 

subsequent iteratipns if a succession of eigenvalues is required. 

An alternative approach to the problem of generating a succession 

of eigenvalues is the old trick of formally dividing out the roots 

already calculate :L In ti.is case, at the kth stage, we consider 

k-1 
II 

j=l 

B (A) 

(A - A.) 
J 

(5.4) 

where we have already computed ). 1 ,). 2 , ••• ,Ak-l. One cost is that the rate 

cf convergence of Newton's method can only fortuitously be better than sec ,d 
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order if k > 1. This is most easily seen by applying Lemma 4.1. 

We have 

k-1 
TI 

j=l 

K(A - A*) 

K(A - A*) 

IT (A* 
j=l 

The problem is to makes TA x small and simultaneously to ensure the 
vanishing of the coefficient of >. - A*. 

Applications of this approach have been reported by Osborne (1967) and 

Jordinson ( 1968) who both used it for exploratory cal::::ulation of eic;en 

values of the Orr-Sommerfeld equation. 

Finally, we note that our general approach has some advantages 

in following an eigenvalue as a function of a parameter and in s.imilar 

problems. This was considere d in Osborne (1967), and a more recent 

application has been made in Abbott ( 1977) to tl,e c alculation of turn ing 

points in bifurcation theory. In this case we consider a trajectory 

x = x(A.) defined by the system of equations 

H(x,A) 0 • (5 . 5) 

Differentiating this system with respect to A gives a system of ord

inary differential equations 

-1 
-A(x,)..) d(x,A), (5.6) 
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where A= VxH, and d = oAH , which also governs the trajectory. The 

turning points -are points at which A(x,A) is singular, and finding 

such points is a problem which can be solved by our methods. 
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APPENDIX 

Asymptotic Expansion for M(A)-
1 

Let the singular value decomposition (SVD) of M(A) be given by 

M(A) (A.l) 

where I: 

u E2 
, 

and 

MMT V (A.3) 

or alternatively 

MU V E , (A.4) 
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-
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-
-
-

-

and 

UL (A.5) 

We c1ssurne that 

aud that, as in section 4 , the positive singula~ values and corresp

onding vectors are identified in such a way that they vary smoothly 

in a neighbourhood of A= A*. If 

diag (0,0 2, •• • ,0 n) (A.6) 

then 

-1 E-1 T 
M u V 

1 T E+ T' 
·-u V + u V 
01 . l l 

(!, . 7) 

where the+ denotes the generalized ir.ve~se . 

We can now obtaiL an expansion for M-
1 

(valid for A~ A* 
accordingly to the convention adopted in section 4}, by expanding 

the individual tP.rms in (A.7) in a Tayler series . The result is 
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where 

A 

1 ( (A A*)du 1 + J 
'*)da.1- + (A - A*)2d2CT1-b . tu1 + - d;\ ••• 

(\ - A d;\ 2 dA 2 

( ' - ' *)~ + )T A A d;\ ••• 

+ ( u + (A - ;\*) ~~ + ... ) ( E~ + (A - A*) : ~ + .. . ] 

(v + ( A - ;\ *) ~I + ... )T + ... 

A~ A* ~ 1 v: +A + ( A - ;\*) B + ... 

y 

1 [du, T 

da 1/dA &vl + 

1 
d:J 1 /dA ' 

a,? 
1 

Ul & -

d 2a _ _ .J.. 

v;] 1 a>.. 2 
E+ VT, - --u + u 

2 da 1 
1 
~ 

(A.8) 

and further terms can be computed as r equir ed. 

To calculate the derivativ e s o f the quantities in the SVD note 

that 

so that 

0 (A.9) 
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-

which implies that G 

(A.2) gives 

U
T au . k 

d).. is sew symmetric. Differentiating 

Premultiplying by .UT we obtain 

2 
~ dE _ T dMT T dM 
~ d ).. U a:x- V E - E v dA U 

Equating ~crresponding components on both sides of this equation gives 

do. 
T dMT T dM 

(o: - o:)G . . 20. a:/ 0 ij a. u. ~vj a. v. d\ uj . 1. J l.J 1. J 1. 1. 1. 

(A.10 ) 

In particular, when i j we have 

·do. 
T 

dM 
1. a:x- = V. dA ui 1. 

(A.11) 

while when i "I j then 

T dM T dM -a. V. dA ui - a. v. dA uj J J 1. 1. 
G .. 

(A.12) 

1.J a~ - 2 · a. 
1. J 

Similarly, if H 
T av 

V dA then a similar argument gives 

dM T dM 
-0 i V j aX' U i - 0 j Vi aX' U j (A.13) 

02 - 02 
i j 
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We can now give an explicit expression for A in (A.8). We have (using 

Ki ( •) to d enote the operation of taking the ith column) 

( 
1 

A 
dCT1 r ar-

u Q 
'l' 

V 

where 

1 
2 

Q 

1 
de /d.>-

l 

T VT K1 (G) el + U e
1 

d 2
01 

a>-2 

¥axlr 

[I" nl 

Kl 

1 
a 2 

(H)T VT -

d2CT1 
1 c1\2 
2 ~ 

dA 

1 
a 

n 

In ;,a:::-ticular, Q must have rank at least (n - 1). 

From the identity 

-1 
M(A) M(.>-) I 

VT}+ u 
T r+ VT el e · 
l 

(A . 14) 

(A.:5) 

(A.16) 

we obtain by expanding M(A.) about A*, using (4.2), and collecting powers 

of .>- - A* , that 

BM + A dM ~ __ l __ u . vT d2M = 0 
dA. . d0'1 1 1 d' 2 

2~ A 

(A.17) 
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- and 

0 . (A.18) 

~ostmultiplying (A.17) by u 1 gives 

which establishes (4.4). In similar fashion, post.multiplying (A . 18) 

by u 1. , we obtain 

0 

and this establishes the implications (4.5) = (4.6). 

-
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