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Eigenvalue problems, still a problem?

. 54 years after the ’Algebraic Eigenvalue Problem’ of J.H.
Wilkinson.

. 58 years after the Francis QR algorithm.

. 68 years after the Arnoldi method.

. 69 years after the Lanczos algorithm.

. . . .

Is there anything to do in eigenvalue problems?
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Don’t we have all we need?
We have powerful computers not like Jim Wilkinson.

We have fantastic software packages, like LAPACK,
SCALAPACK, MATLAB, PYTHON, . . ..
. Do we need any more research?
. Do we need better methods?
. Do we understand everything?
. Can we do the backward error and perturbation analysis?

. Are they any structures that we cannot do?

. Are we following the Wilkinson heritage in the right way?
Two real world problems:
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Research project

DFG Project with Tobias Brandes†, 2014-2018.
. Extremely large discretized Schrödinger equation.
. Limited memory eigenvalue methods.
. Error analysis.
. Implementation for classical and non-classical models.
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Adiabatic quantum computing
To encode and solve NP hard problems, a simple initial
Hamiltonian HI is deformed as fast as possible into a
complicated final Hamiltonian HF

HF =
m∑

i=1

[
1− 1

2

(
1− σz

p1
i

)
− 1

2

(
1− σz

p2
i

)
− 1

2

(
1− σz

p3
i

)]2

.

The computation is done by obeying adiabaticity, such that the
ground state of HF is well approximated by the state of
time-dependent Schrödinger equation.

Ψ̇(t) = −iHS(t)Ψ(t)

The Hamiltonian is implemented using only polynomially many
tensor products of at most two Pauli σz matrices.
Can we follow invariant subspace associated with smallest
energy levels if dimension is extremely large?
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Adiabatic algorithm
Deformation of a simple Hamiltonian (without couplings)

HI =
n∑

i=1

1
2 (1− σz

i ) into HF (via straight line interpolation

H(t) = [1− s(t)] HI + s(t)HF with 0 ≤ s(t) ≤ 1.

Temporal dynamics for an adiabatic algorithm
Left: 15 lowest eigenvalues. Right: Occupation of eigenstates
(via numerical integration of Schödinger equation).
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Lowest eigenvalues

Left: Two lowest eigenvalues for the adiabatic Grover Hamiltonian. At
scrit = 1/2 one has avoided crossing and fundamental gap becomes
exponentially small. For n→∞ the first derivative of the ground state
energy becomes non-analytic at scrit = 1/2.
Right: The few lowest eigenvalues for the 1d Ising model in a
transverse field. At scrit = 1/2 the fundamental gap scales as
gmin = O{1/n} and for n→∞ the second derivative of the ground
state energy becomes non-analytic.
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Challenges
Trace smallest evals of extremely large matrix function.
. Eigenvalue crossings/avoided crossings only visible in higher

order perturbation terms.
. Non-uniqueness of eigenvectors at or near crossings.
. Only a partial spectrum (inv. subspace) is needed but we may

have to change the dimension.
. Convergence rates and finite precision performance of

Lanczos/Arnoldi suffer for (near) multiple evals.
. What if the problem is too large for Lanczos/Arnoldi because

we cannot store even a single vector?
. Can we run Lanczos/Arnoldi method in a truncated tensor

format or inexact operations?
. Adaptive step size control in the parameter tracing.
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Brake Squeal

. Disc brake squeal is a frequent and annoying phenomenon.

. Important for customer satisfaction, even if not a safety risk.

. Nonlinear effect that is hard to detect.

. The car industry is trying for decades to improve this, by
changing the designs of brake and disc.

Supported by German Minist. of Economics via AIF foundation.
with N. Hoffmann, TU Hamburg and U. von Wagner, TU Berlin,
Mechanics, car manufacturers + SMEs
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Current project

Project within SPP 1897 Calm, Smooth, and Smart:
U. von Wagner, and V.M.: Suppressing brake vibrations by
deliberately introduced damping.
Goals:

. Experimental investigation of shims.

. Inclusion of the shim model in FE model.

. Inclusion of material damping or joint damping.

. Stability/bifurcation analysis for a given parameter region.

. Optimization of structure and placement of shims.
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Finite Element model
Very large parametric 2nd order differential-algebraic FE system

Mq̈+(C1(p)+
ωr

ω
CR(p)+

ω

ωr
CG(p))q̇+(K1(p)+KR(p)+(

ω

ωr
)2KG(p))q = f ,

. q vector of FE coefficients.

. M symmetric, pos. semidef., singular matrix,

. C1 symmetric matrix, material damping,

. CG skew-symmetric matrix, gyroscopic effects,

. CR symmetric matrix, friction induced damping, (from data)

. K1 symmetric stiffness matrix,

. KR nonsymmetric matrix modeling circulatory effects,

. KG symmetric geometric stiffness matrix.

. ω rotational speed of disk with reference velocity ωr .
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Linear eigenvalue analysis
. Ansatz q(t) = eλtv(ω) gives quadratic evp (QEP):

Pω(λ)v(ω) = (λ2M + λC(ω) + K (ω))v(ω) = 0.

. Likelihood of a brake to squeal is correlated with magnitude of
positive real part of eigenvalue.

. Want efficient method to compute all evs with positive real
part and corresponding evecs for parameter set.

. Determine bifurcation points (crossing of imaginary axis).→
film.

. Compute constant spectral projection Q that contains good
approximations to evecs ass. with large real part evals for all
parameter values;

. Optimize shim (damping) so that evals stay in left half plane or
at least unstable ones have large imaginary part.
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Ev/evec/inv subspace accuracy

. Can we assess accuracy for inexact Krylov methods?

. Can we assure that we find all the evs/evecs we want.

. Can we compute error bounds, in which norms?

. Can we modify subspace dimension if necessary?

. Can we use adaptivity in the model, the basis and the
parameter sampling set.

. Ute Kandler, Inexact methods for the solution of large scale Hermitian eigenvalue problems, PhD thesis TU Berlin May 2019

. U. Kandler and C. Schröder. Backward error analysis of an inexact Arnoldi method using a certain Gram Schmidt variant.
Preprint 10-2013, TU Berlin, 2013.

. U. Kandler and C. Schröder. Spectral error bounds for Hermitian inexact Krylov methods. Preprint 2014-11, TU Berlin, 2014.
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Limited memory Arnoldi

. Store matrix/operator and evec approximation in lower
precisison or tensor format.

. Run Arnoldi in reduced format and project after every step
back to reduced memory format

. Analyze whether this still gives reasonable results.

. Apply to adiabatic quantum computing in different models.
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Inexact Arnoldi

Algorithm 1
Input: A ∈ Cn,n, ṽ1 ∈ Cn approx. nomalized, m ∈ N.
Output: Ṽm+1 ∈ Cn,m+1, H̃m ∈ Cm,m, h̃m,m+1, Dm+1 ∈ Cm+1,m+1

. Ṽ1 = ṽ1, D1 = 1, H̃0 = [ ] initialization.

. For k = 1,2,3, . . . ,m do
1. w̃k+1 = Aṽk − f M

k+1, inexact matrix-vector multiplication.
2. [ṽk+1, h̃1:k ,k , h̃k+1,k ,Dk+1] = ComGS(w̃k+1, Ṽk ,Dk )

Compensated Gram Schmidt, inexact orthogonalization.

3. H̃k =

[
H̃k−1 h̃1:k−1,k

h̃k ,k−1eT
k−1 h̃k ,k

]
update H̃

4. Ṽ = [Ṽk , ṽk+1] update Ṽ
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Compensated Gram Schmidt

Algorithm 2.
Input: Aw̃k+1 ∈ Cn, Ṽk ∈ Cn,k , Dk ∈ Ck ,k

Output: ṽk+1 ∈ Cn, h̃1:k ,k ∈ Ck , h̃k+1,k ∈ C, Dk+1 ∈ Ck+1,k+1

. h̃1:k ,k = D−1
k Ṽ H

k w̃k+1 computation of coefficients

. l̃k+1 = w̃k+1 − Ṽk h̃1:k ,k − f (O)
k+1 inexact orthogonalization

. h̃1:k ,k = ‖̃lk+1‖

. ṽk+1 = (̃lk+1 − f (S)
k+1)/h̃k+1,k perturbed normalization.

. Dk+1 =

[
Dk Ṽ H

k ṽk+1

ṽH
k+1Ṽk ṽH

k+1ṽk+1

]
update D

20 / 43



Error analysis

Theorem (Kandler/Schröder 2014)

Let A ∈ Cn,n and ṽ1 ∈ Cn of 2-norm 1. Let Ṽk+1 = [Ṽk , ṽk+1], H̃k

be as in Algorithm 1 after k iterations. Suppose that
‖f (O)

k+1‖2 ≤ kε‖w̃k+1‖2, ‖f (S)
k+1‖2 ≤ kε‖̃lk+1‖2 for some ε < 1

(k+2) .
Then

Ṽ H
k ṽk+1 ≤ k2(2 + κk )

ε

1− (k + 2)ε

where κk = ‖h̃1:k ,k‖2/h̃k+1,k .

If κk is small then orthonormality is well preserved. Otherwise
add approximate partial orthonormalization step. Then

Ṽ H
k ṽk+1 ≤ k2(2 + kεκk )

ε

1− (k + 2)ε
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Backward error analysis

We obtain an inexact Arnoldi relation

AṼk = Ṽk H̃k + ṽk+1h̃k+1,keT
k + F̃k

Rewrite as backward error:

(A + Ek )Ṽk = Ṽk H̃k + ṽk+1h̃k+1,keT
k
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Backward error analysis

Theorem (Kandler/Schröder 2013)

Let A ∈ Cn,n. Let Ṽk+1 = [Ṽk , ṽk+1] have orthonormal columns
and suppose that H̃k , F̃k satisfy the approximate Arnoldi relation.
For every Hermitian Bk there exists Hermitian Ek such that

(A + Ek )Ṽk = Ṽk B̃k + ṽk+1h̃k+1,keT
k

and

‖(I − PK̃k
)F̃k‖ ≤ ‖Bk − Ṽ H

k AṼk‖+ αk‖F̃k‖.

We have freedom in Bk , best choice is to take the Hermitian part
of H̃k .
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Loss of orthogonality

Loss of orthogonality.
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Backward error

Backward error and bounds with (right) and without (left)
reorthogonalization.
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Further Results

. Implementation in TT format.

. Full backward error analysis (pretty ugly).

. Error estimates for evs and subspaces.

. Method can be used nicely in ev tracing.

. . . .
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Eigenvalue problem

First approach: Since problem is of reasonable size (n ≈ 107),
use classical companion linearization (first order form)

Aτ (ω)v(ω) = µτ (ω)Bτv(ω)

with [
Kτ (ω) 0

0 In

] [
v(ω)

µτ (ω)v(ω)

]
= µτ (ω)

[
−Cτ (ω) −Mτ

In 0

] [
v(ω)
µτv(ω)

]
. C. Conrads, V. Mehrmann and A. Miedlar, Adaptive Numerical Solution of Eigenvalue Problems arising from Finite Element

Models. AMLS vs. AFEM, CONTEMPORARY MATHEMATICS, Vol. 658, 197–225, 2016.

. N. Gräbner, V. Mehrmann, S. Quraishi, C. Schröder, U. von Wagner, Numerical methods for parametric model reduction in
the simulation of disc brake squeal ZEITSCHRIFT FÜR ANGEWANDTE MATHEMATIK UND MECHANIK. Vol. 96, 1388—1405,
2016.
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Shift and invert Arnoldi
. Compute ev and evec approximations near shift τ via

shift-and-invert Arnoldi method.
. Given v0 ∈ Cn and W ∈ Cn×n, the Krylov subspace of Cn of

order k associated with W is

Kk (W , v0) = span{v0,Wv0,W 2v0...,W k−1v0}.

. Arnoldi obtains orthonormal basis Vk of this space and

WVk = VkHk + fe∗k ,

. Columns of Vk approx. k -dim. invariant subspace of W .

. Evs of Hk approximate evs of W associated to Vk .

. Apply with shift τ and frequency ω to W = Bτ (ω)−1Aτ (ω).
Per step multiply with Aτ (ω) and approx. solve with Bτ (ω).
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SVD projection

. Construct a measurement matrix V ∈ Rn,km containing
’unstable’ evecs for a set of parameters (ωi),

. Perform (partial) singular value decomposition (SVD)

Ṽ ≈ [ũ1, ũ2, . . . , ũd ]


σ1

σ2

σ3
. . .

σd

 [z̃1, z̃2, . . . , z̃d ]H

by omitting singular values that are small.
. Choose Q = [ũ1, ũ2, . . . , ũd ] to project Pω.
. SVD is very large scale but only largest sing. val. are needed.
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Bachward error

Evp (λ2M + λC + K )x = 0.
. Forward error: ∆f = |λexact − λcomputed |
. Backward error: smallest in norm perturbation ∆b to M,C,K

such that ṽ , λ̃ satisfies QEVP defined by perturbed matrices
M̃, C̃, K̃

. Computation of backward error: ∆b(λ) = ‖(λ2M+λC+K )‖
|λ|2‖M‖+|λ|‖C‖+‖K‖

. The pseudospectrum gives the level curves of ∆b(λ)).
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Pseudospectrum of industrial brake model

Industrial model (1 million dof)
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Modeling problem

. Highly sensitive problem due to stiff springs (singular
perturbation of rigid connections).

. Making the connections rigid puts evs to∞

. Deflation of infinite evs easy.

. This solves the sensitivity problem.

. Can we compute pseudo-spectrum of very large problem.
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Results with new POD method
Industrial model 1 million dof

. Solution for every ω
I Solution with 300 dimensional TRAD subspace ∼ 30 sec
I Solution with 100 dimensional POD subspace ∼ 10 sec
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Dissipative Hamiltonian systems
Linear dissipative Hamiltonian (DH) systems have the form

ẋ = (J − R) Qx .

. H(= 1
2xT Qx) is the Hamiltonian: distribution of internal energy

among the energy storage elements of the system,
. J = −JT describes energy flux among energy storage elts;
. R = RT positive semidef. describes energy dissipation/loss in

the system;
. In the infinite dimensional case J,R are operators that map

into appropriate function spaces.
. Dissipative Hamiltonian systems are (asymptotically) stable,

since JQ has only purely imaginary evs. RQ pushes them to
the left half complex plane.
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Disk brake model

FE model of disk brake (simplified M,K > 0)

Mq̈ + (D + G)q̇ + (K + N)q = f .

Rewrite as perturbed DH system ż = (J−RD)Qz−RNQz, where

J :=

[
G K + 1

2N
−(K + 1

2NH) 0

]
, Q :=

[
M 0
0 K

]−1

,

R := RD + RN =

[
D 0
0 0

]
+

[
0 1

2N
1
2NT 0

]
.

Instability and squeal arises only from indefinite perturbation
term RNQz. Perturbation N is restricted (to FE nodes on pad).
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Homotopy

. Consider problem with αN and adapt α in [0,1].

. Analogous problem as in adiabatic QC.

. Structured stability radii for dissipative Hamiltonian systems
much larger than unstructured Mehl/M./Sharma 2016,
Gilles/M./Sharma 2017

. Computational methods for small problems available.
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Break Squeal Example
We want to know whether (for given Ω) the norm of the
non-symmetric matrix N is tolerable to preserve the asymptotic
stability. The relevant stability radius for a specified Ω is given by

inf

{
‖N‖2

∣∣∣∣ Λ (A(N)) ∩ iR 6= ∅
}
,

where A(N) is given by([
−G(Ω) −(K (Ω) + 1

2N)

K (Ω) + 1
2NH 0

]
−
[
D(Ω) 1

2N
1
2NH 0

])[
M 0
0 K (Ω)

]−1

New method combining stability radius computation with
tangential interpolation model reduction.
. N. Aliyev, V. M. and E. Mengi, Computation of Stability Radii for Large-Scale Dissipative Hamiltonian Systems,

https://arxiv.org/abs/1808.03574, Preprint 09-2018, Institute of Mathematics, TU Berlin, submitted for publication, 2018.
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Disk Brake Results
Ω rHerm(R; B) ω∗ iter. run-time dimens.

2.5 0.01067 −1.938× 105 2 145.8 72
5 0.01038 −1.938× 105 2 133.5 72
10 0.01026 −1.938× 105 2 132.0 72
50 0.01000 −1.938× 105 2 132.5 72

100 0.00988 −1.938× 105 1 94.4 66
1000 0.00810 −1.789× 105 2 127.7 72
1050 0.00794 −1.789× 105 2 126.4 72
1100 0.00835 −1.789× 105 3 171.2 78
1116 0.01092 −1.789× 105 2 127.4 72
1150 0.00346 −1.742× 105 2 124.3 72
1200 0.00408 −1.742× 105 2 121.2 72
1250 0.00472 −1.742× 105 2 119.1 72
1300 0.00517 −1.742× 105 2 117.1 72

Table: Struct. stab. radii rHerm(R; B) with new method n = 9938
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Conclusions/challenges

. Eigenvalue methods are still highly important in computational
physics and industrial practice.

. Using fine mesh and model reduction usually works if the
problem size is limited.

. Current numerical linear algebra methods (in particular those
in commercially available codes) are not satisfactory.

. No results on multiple, complex evs, Jordan blocks in
non-self-adjoint case.

. Limited memory methods.

. Adaptivity in parameters?

. Following eigenvalue curves.

. Nonlinear effects, bifurcation, computation of limit cycle?
The heritage of Jim Wilkinson is very much alive.
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