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The (scalar) Mittag-Leffler function (1)

The Mittag-Leffer (ML) function is a complex function that is
defined by the convergent series

where z € Cand I'(z) = [,* t*"e"'dt is the Euler gamma
function.

e Solution of linear fractional differential equations -
generalization of the exponential function

e Practical interest - o, g € R with o > 0, particularly
O<a<iland g >0
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The (scalar) Mittag-Leffler function (2)

e Recurrence relations between the ML functions with
different parameters:

1 .
:EZ a/m,B 27rkl/mz1/m)7 m > 1,m€N,
k=0

Eap(2) = + 2E0 p1a(2),

1
I'(p)
o Different behaviours in the complex plane with varying
parameters:

Ei1(z) =€, Eia(2)= L Eiy(2) = € erfe(-2)

Es 1(—22) = cos(2), Ez,z(z)_sm\*;}ﬁ, E» 1(22) = cosh(2)
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Computing the scalar ML function

1. Region-dependent methods:

» Truncate the series £, 5(2) = Y42, 7 directly for
small |z|

e Approximate the asymptotic expansions of the ML
function for large |Z|

¢ Evaluate the integral representations of the ML function
for intermediate |Z|

2. Numerical inversion of the Laplace transform on
parabolic contours.
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Truncating the (Taylor) series (1)

For |z| < r for some r > 0, one can use finitely many terms
of the series (1) to achieve a prescribed accuracy

N
Zk

E.p(z) =) —' <e

RN(Z) = e F(ak+ﬁ)

For |z| < 1 the maximum number of terms N(z) is given by
[1, Thm. 4.1]

Nz) 2 max{ (2= g)/a1 +1, [ME D]t} gzl <.

e N(z) increases rapidly as z — 1; for example if e =1e-15,
N(0.9) > 351 and N(0.95) > 733
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Truncating the (Taylor) series (2)

¢ Potential overflow problems by the Gamma function:
I'(171.624) = ~o in floating-point arithmetic,

171.624 — 3

Nmax = |_ a

|.
¢ Avoid the overflow problems by using
ZK/I(ak + B) = exp(kIn(2) — In T'(ak + f)). (2)

e For very small |z|, say, |z| < 0.5, directly compute each
term in the standard definition (1).

For 0.5 < |z| < 0.95 [1], use the exponential-logarithmic
identity (2) in computation.
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Evaluating the integral representations (1)

e The ML function can be represented as an improper
integral along the Hankel loop:

1 [l rPe
Ea,,B(Z) - 2_7”/C Ao — Zd>\’

where C is a Hankel contour that starts and ends at —oo
and encloses the circular disc |\| < |z[|'/e.

e Deforming the contour and applying the Cauchy’s residue
theorem, we can obtain [2] for 0 < a < 1:

1 a1 <!/ ¢(1-)/a
E = L) agee T / A 6
(8 = g e i )y =z 902 Giled)

ed/aC(‘l*ﬁ)/a T
= e ;0), 0 € (— .
Eus®) = g | S 902 < Gale) s e (i mo]
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Evaluating the integral representations (2)

e Here the complex plane is divided by ~(¢; d) into two
distinct regions Gi(e; §) and Gaz(e; 0).
e Different techniques are required in Gi(e; 9) and Ga(; 6).

e To compute the integral we need to distinguish different
cases for arg(z), for example [3],

|arg(2)| > ma, |arg(2)| = 7ma, |arg(2)| < ma.

e For the integral representations, the partitions of the
complex plane and arg(z) can be more complicated [1]!

xiaobo.liu@manchester.ac.uk Computing the scalar and the matrix ML functions



Approximating the asymptotic expansions (1)

The Poincaré asymptotic expansions for the ML functions in
the complex plane as |z| — co. For0 < a < 1

N

1 1/a Z_k
E, — (0B jagzV N~ _ = L o(|z|71N
o2) =~z > 5=y O lare(2)] < o

Z) = — ; ﬁ +O(|z]7NY, | arg(2)] > Ta.

To find the truncation point N for a prescribed accuracy

9= (-3 rm)

Rn(z) = <, |arg(z)| > ma.
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Approximating the asymptotic expansions (2)

| -pyageie _ N~ __Z*
Eole) — (G20 =3 o)

An(z) = a g —ak

|arg(2)| < ma.
It requires that [1, Thm. 4.2]

1 €
N ~ —|z|1/= > (—2log =)*
Sz, 12 2 (~2log )"

where C is a constant dependent on « and §. In practice, it
is approximated by C ~ 1 /(7 sin 7).
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Inverting the Laplace transform (1)

The generalised Mittag-Leffler function is defined as
€. s(t;\) =tPTE, 5(t*)), teRT AeC.
o E,53(N\) =e,5(1;N).
g8
S — A\

We can obtain the integral representation of the generalized
ML function

L(e,s(t;N) = =:&.5(8 1), *R(s)>0.

. _ 1 st .
uslt; )= 5 /L eSlE, (5 \)ds, (3)
where L is the Bromwich line v + iy, —oo < y < +00 such
that ~ is greater than the real part of all singularities of
Eaﬁ(s; )\)
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Inverting the Laplace transform (2)

Deformation of L into parabolas:
C:z(u) = p(iu+1)? —oo< U< oo.

¢ Fast decay of the exponential factor
Approximating (3) by the trapezoidal rule, with uniform step
size h:
h & z(ug)>"
et = 5= Y eI Z(wy), = kh.

2mi = Z(uk)> — A

e How to choose the three free parameters p, h, N?

e Control the numerical error e, s(t; \) — egjgvl(t; A)?
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General framework for the trapezoidal rule

Consider the absolutely convergent integral on the real line

-/ Z g(u)du,

whose infinite and finite trapezoidal approximations are

() N
h=h>" gkh). hn=h" g(kh)

K=—00 k N

e the truncation error |l — Inn| = TE(u, h, N) [4, Thm. 2.1]
e the discretization error |/ — I| = DE(p, h) < DE, + DE_

e For a chosen N, asymptotically balance the errors DE, ,
DE_and TE!
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Inverting the Laplace transform (3)

e C encloses the singularities of &, s(s; A) on the left?
The singularities of &, s(s; A):

1 2k ;
sky=Xeex', kel

(07

If we write X in the exponential form \ = re?’ r > 0, then

K 1 0+2km i

Sor=ree « ', KelZ
e Branch-cut along the negative real axis, in the main
Riemann sheet

0 + 2K Q 0 « 0

< _ - — — :
- <7t = 5 27T<k<2 27T,keZ
= For a > 0 singularities can appear at any region in the

complex plane!

- <
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Inverting the Laplace transform (4)

The state-of-the-art algorithm [5] uses the Cauchy’s residue
theorem, to remove some of the singularities by

€u5(t; \) 231 5eSt+ / e’'&, 5(s; \)ds,
seS

and determine the poles to be removed and the optimal
parabolic contour C.

e The chosen optimal parabolic contour is dependent on the
input argument \!
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The matrix Mittag-Leffler function

We are interested in is the ML function with a matrix
argument, that is,

where A € C™",

° E171(A) = e,

e Represent solutions of linear fractional differential
equation systems.

e, 5 € Rwitha > 0, particularly 0 <« <1 and g > 0
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Computing the matrix ML function

Consider the generalizability of the methods for the scalar
function. ;

o Truncate the series E, 3(A) = Y2 s directly for
small ||A|l

For ||A]| < r for some r > 0 (practically r = 0.95) in order to
achieve a prescribed accuracy ¢

N Ak
Bn(A) = ||E. 5(A) — m”q

— bl

k=0

the maximum number of terms N(A) in the Taylor series for
r =1 is given by

N(A) > max{ [(2—-p)/al +1, Fn(el(r:(H_Aw\/)q”))—‘ + 1}_
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Computing the matrix ML function

e The asymptotic expansions of E, s5(z) as |z| — oo:

N
1 a Z1 @ - _q{1_
Eopl(2) = 22070e" Y m 5012 ") |arg(2)] < ma
k=1
N z_k
Eop(2) == T3 = ak) +0(|z|7'7"), |arg(2)] > 7a.
k=1

e The integral representations of the ML function:

1 L1 e (1=B)/a

Q@ 2rica J, (—2z
1 eC””CU—B)/a T
E,s(2) = —— S .8), 6 € (22 7q].
Oéﬁ(z) i /y(e 5) C_ Z dez € G2(€' )a € ( D) 77‘(‘0(]
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Computing the matrix ML function

e Padé approximation

The Padé approximants r uniformly approximate E, s as

k — oo in the unit circle D = {z : |z] < 1} [6].

The scaling and squaring method for the matrix exponential:

e’ = (%)% ~ r(A/25)

For arbitrary a, 3, Ea7/3(A1 Sis Ag) 7§ Ea75(A1)Ea75(A2).
Forany z € C, lim z'/™ =1, and
m—o0

(Eajo,s(AV?) + Eajp5(—A'?))

Compute E, 3(A) = compute E, 2 5(B), A(B) close to 1.
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Computing the matrix ML function

e Numerically inverting the Laplace transform on parabolic
contours C : z(u) = u(iu+1)2, —oo < U < c0.
The generalised matrix Mittag-Leffler function

€as(t; A) = " TE, 5(t*A), teRT AecC™".

1
= €, 5(1 A) = ot /C es!s*F(s*1 — A)~'ds.

1 (e’e}
= %/ e?Wiz(u)*=PZ'(u)(z(u)*l — A)~'du
h N
eldl(t:A) = 5= 3 & 2(u) 2 (U)(2(u) I-A) ", e = kh.
k=—N
Choose the free parameters i, h, N to control the numerical

error [|e, s(t; A) — (1, A)||?

—00
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Computing the matrix ML function

e C encloses the singularities of &, s(s; A) on the left?
The singularities of the scalar function &, s(s; \):

k 1 0+2km ;

a=r<e « ' KcZ

S,

(07

e Branch-cut along the negative real axis, in the main
Riemann sheet
0+ 2k~ o 0

«Q 0
<t = ——-—<k<=--——

e = 2 on 5 5. KEZ

(4)

- <

e The contour C depends on the input argument .
Cauchy’s residue theorem?

If A € R with A <0, then § = 7 and (4) implies such k € Z
does not exist when 0 < o < 1.

e For \ < 0, the origin is the only singularity = x> 0.
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Computing the matrix ML function

Similarly to the scalar case, asymptotically balancing the
discretization error and the truncation error gives
when g < a+1,

_ _ 1+4c(1+c) 3 N
c=1, N=[=—prs—loge], h=, u=15
when g =a+1,
B - 1+4c(1+c) 3 7N
0=082, N =[5 o loge|, h=g, n=15¢
when 6 > a + 1,
= 1 2
c:1—em, N:[—\/ + o +70)|og6},
ymeC
ymC —log e

" loge’ = ye(2 +~e)t’
where v € (0, 2) is a free parameter, ¢ is the tolerance.
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Numerical experiments (1)

sP J /
sP y

Figure: Top left: o = 0.2; top right: @ = 0.4; bottom left: a = 0.6;
bottom right: a = 0.8. ¢ = 5e-16. A symmetric negative definite.
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Numerical experiments (2)

S/ ] /

Figure: Top left: o = 0.2; top right: @ = 0.4; bottom left: a = 0.6;
bottom right: « = 0.8. ¢ = 5e-16. A random with —20 < A < 0.
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Numerical experiments (3)

10°
— o
—— i / O [—ur p
—sp / —sp /

y )
/ /
0 J /
J p
y
s
, ,
P

12 14 16 18 20
3

Top left: a = 0.2; top right: « = 0.4; bottom left: o = 0.6;
right: a = 0.8. ¢ = 5e-16. A symmetric Toeplitz.
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Consider again the argument of the singularities in the main
Riemann sheet
0+ 2km - Q 0 P 0 ke,

=T 7 3 ck<zTan

- <

If we make an assumption that A = re?’ lies on the left
half-plane, then 6 € [—7, —7 /2] U [7/2, 7].
e k € Z does not exist when 0 < a < 1/2.

e Use the same scheme to evaluate the matrix ML function
with 0 < a < 1/2 for any matrix with spectrum on the left

half-plane.
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Current and future work

e 1.Compute the Schur decomposition of
A= f(A) = Qf(T)Q".
e 2.Use the Parlett recurrence
j—1
fi — £ e fitiy — tixfy

fi =1t ,
i tii — 3

<, ti#t
k=i+1
in block level with reordering [7] to compute the off-diagonal
blocks.
How to compute f( T;)?
e min |)\1 )\2| < 0.

o f(Ti) => reo i ,")( i — ol)¥and truncate the series?
e Approximate dlagonallzatlon [8] for computing E,, 5(A) or
E.. s(Ti) in higher precision?
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Questions

Thank you for your attention.

Any questions?
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