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Application and domain-specific
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Solving Problems

Example Problem: Given inputs n, A ∈ Qn×n nonsingular and b ∈ Qn,
find x ∈ Qn such that Ax = b.

Example Programs: GEPP written in C. GEPP written in x86 machine
code / GEPP described as a Boolean circuit!

Example Hardware: Intel Core i9 / ARM Neural PU / Xilinx Virtex
UltraSCALE
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Solving Problems

Given inputs n, A ∈ Qn×n nonsingular and b ∈ Qn, find x ∈ Qn such that
Ax = b. Best program / hardware?

1 n, A are fixed for the life of the hardware.

2 n is fixed for the life of the hardware.

3 All inputs can change at each execution.

As we say in the UK, ‘horses for courses’.
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Some Examples

(Schematic under Creative Commons 2.5)
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On-the-fly precision tuning
Work presented here is from Li, McInerney, Davis and C., IEEE Trans. on Computers 2020.
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Digit Order in Numerical Methods

Generic real iterative method

x(k+1) = f(x(k)) for some computable f : Rn → Rn.

Expanding in terms of digits, x
(k+1)
i = fi(x

(k)
1 , x

(k)
2 , . . .) where

fi : D∞ → D with i = 1 corresponding to the MSD.

Standard n-digit implementation

x̂
(k+1)
i = f̂i(x̂

(k)
1 , . . . , x̂

(k)
n ) where f̂i : Dn → D.

But for continuous f and appropriate digit set, we only need to know a
window of digits of the previous iteration.

Online implementation

x
(k+1)
i = f̃i(x

(k)
1 , . . . , x

(k)
i+δ) with f̃i : D(i+δ) → D.
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Digit Order in Numerical Methods

We can construct a suitable bijection from (iteration, digit) pair to time.
So we can compute with arbitrary accuracy, by building precision on the
fly... at some cost!

9 / 16



Avoiding the Expense

Li, McInerney, Davis and C. (2020) study stationary iterative methods in
this context and derive a bound on the number of stable digits as a
function of ||G||.

x(k+1) = Gx(k) +M−1b

We have built custom (FPGA-based) accelerator hardware for toy
problems. Advantages shown for very well or very poorly conditioned
problems.

Open question: what’s an optimal digit trajectory for a given computable
real function f in the iteration x(k+1) = f(x(k))?
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Probabilistic static precision tuning: small kernels
Work presented here is from C., Dahlqvist, Rakamarić and Salvia, CAV 2021.
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A Probabilistic Setting

From deterministic program to non-deterministic program, probabilistic
program, or probabilistic non-deterministic program.

Je1 op e2K = Round(Je1K op Je2K) = (Je1K op Je2K)(1 + δ)

1 for some |δ| ≤ u (e.g. Higham 1996)

2 for δ r.v. (e.g. Higham and Mary 2019, Ipsen and Zhou 2020)

Dempster-Shafer structure

A set of interval-probability pairs
{([x0, y0], p0), ([x1, y1], p1), .., ([xN , yN ], pN )} where

∑N
i=0 pi = 1.

DS structure can be viewed as a way to smoothly go from
non-deterministic model to stochastic model of uncertainty.
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Expressions and their Interpretation

Expression Grammar

t ::= z | x | t op t

z ∈ Fm, x ∈ V, op ∈ {+,−, ∗, /}

Interpreting Z = X op Y

Given ([x1, x2], px) ∈ DSX and ([y1, y2], py) ∈ DSY and expression trace:

1 Form [z1, z2] = [x1, x2] op [y1, y2] via IA

2 Shrink to [z′1, z
′
2] via bisection using SMT

3 Completely prune box via SMT if zero probability given trace

Following Bouissout et al. (2011), we may then solve an LP for entire
program to decide where to place prob mass to assign extremal probability
values to symbolic variables.
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PAF results

Results on the traincar3 benchmark of Darulova et al. (2013)

Try it out! https://github.com/soarlab/paf

Open question: how to extend this reasoning to loops?
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Numerical analysis and hardware acceleration
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Back to the Future!

Analysis of problem ⇒ efficient program / hardware codesign
Analysis of program ⇒ efficient hardware design
Automated program analysis ⇒ efficient hardware compilation a.k.a. HLS

Main problem is discipline boundaries:

Numerical analysis

Programming languages

Circuit design
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