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Stochastic rounding
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Stochastic rounding
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How to simulate it in software?

» Compute in higher precision
» Round stochastically
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Floating-point formats

Precision (digits) Relative
Range

Base 2 Base 10 accuracy
binary16 11 3.31 10%4-82 4.9 X 107%
bfloat16 8 2.41  10%3833 3.9x 1073
tfloat32 11 3.31  10%3%33 4.9 X 107%
binary32 24 7.22 10%38-53 6.0x 108
binary6s 53  15.95 10+397:95 1.1 x 10
binaryi28 113 34.02 10*493177 96 x 1073

Some available only in high-end hardware units.



Simulating mathematical functions
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Rounding

Formats
S: format used in memory (storage format, p bits of precision)
7: format to be emulated (target format, p bits of precision)

Goal
Round x € S toy € 7 according to a specified rounding mode.

Assumptions
» S has exponent range no narrower than 7
» S has “enough” bits of precision



Stochastic rounding - in theory

x| eT  xeS x| e T
I © I




Stochastic rounding - in theory

x| eT  xeS x| e T

sz—e—l (



Stochastic rounding - in theory

x| eT  xeS x| e T
I © I

x2P~e (LyJ y Iy




Stochastic rounding - in theory

x| eT  xeS x| e T
| o |
x2P~e (LyJ y Y1




Stochastic rounding - in theory

x| eT  xeS x| e T
| o |
x2P~e <LyJ y Y1
— g
-y -y 1-(y- Lyl '

— _
1




Stochastic rounding - in theory

x| eT  xeS x| e T
| o |
x2P~e (LyJ y Iy
. . - >
- y-lyl 1-(y-lyl) :

— _
1




Stochastic rounding - in theory
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Exact algorithm for stochastic rounding

Input: x € S
Output: x rounded stochastically to 7
1 e=|log,(x)] > Compute exponent
2 y=2P"¢1.x > Move radix point
3 Draw p from U g 4.
4 if p <y-|y| then > Round to integer
5 | ye1Iyl
6 else
7 |y Lyl

return 2P .y > Move radix point back

©



Example
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X = 11.000110, = 2" - 1.1000110,
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Example

Round stochastically to a format with p = 4 the number

X = 11.000110, = 2" - 1.1000110,

y =2%"1.x=1100.0110,

Possible return values
» 2174, |y| =272 . 1100 = 110.0, (probability 0.615)
» 2174 . [y] =272.1101 = 110.1, (probability 0.375)



Benefits and issues

A Simple algorithms
A Straightforward implementation

A Floating-point storage is hidden

v Library functions are slow

v Library functions are prone to numerical errors
v Floating-point arithmetic is used throughout

& Higham & Pranesh. Simulating Low Precision Floating-Point
Arithmetic. SIAM J. Sci. Comput., 41(5):585-602, 2019.


https://doi.org/10.1137/19M1251308
https://doi.org/10.1137/19M1251308

Floating-point number representation

X=(-1)°-2 ?.1.1000110,



Floating-point number representation
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Floating-point number representation

X =(-1)°-273.0.1000110,

o0jo0|O0|O0|O|21|]O0|O0O|0|1 1

I
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EXPONENT BITS (biased representation)
SIGN BIT (1 for negative)




Stochastic rounding - from 8 to 4 digits
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Stochastic rounding - from 8 to 4 digits
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Stochastic rounding - from 8 to 4 digits

0) i1/0|1|1.{12|]0]O0O|O0O|12|1 O

AND

0) i1/0|1|1.{212|]0]2|]0|0O0|O0)|O

One bitwise and one integer arithmetic operation required.
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CPFloat: simulating low precision in C

Design principles
» Vector-oriented
» Parallel (using OpenMP)
» Extensible

Features (cf. math. h library)
» Floating-point rounding functions

» Mathematical functions (+, —, vV, [ ], sin, cosh, X, log, exp, ...

» “Floating-point” functions (frexp, nextafter, isnormal, ...)

)
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Rounding modes

» Round-to-nearest
e with ties-to-even (RNE)
e with ties-to-zero (RNZ)
e with ties-to-away (RNA)

» Directed rounding (RD)
e round-to-zero
e round-to-+oo
e round-to-—oo

» Round-to-odd (RO)
» Stochastic rounding (RS)
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Similar packages

Package Primary  Storage & I 9 2
name language  format ‘1% 5 °§ < &
GNU MPFR C custom v/ o/
rpe Fortran b64
FloatX C++ b32/b6s v
chop MATLAB b32/b6s v v v
QPyTorch Python b32 v
FLOATP MATLAB b6s v v v
CPFloat C b32/b6s v v V v

13



Similar packages

Package Primary  Storage & I 9 2
name language  format ‘1% 5 °§ < &
GNU MPFR C custom v/ o/
rpe Fortran b64
FloatX C++ b32/b6s v
chop MATLAB b32/b6s v v v
QPyTorch Python b32 v
FLOATP MATLAB b6s v v v
CPFloat MATLAB b32/b6s v v Vv / v
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Performance of MATLAB interface

binary64 = binary16 binary64 = bfloat16 binary64 = TensorFloat-32
103 % T T TTTI0T T T TTTI0m \\HHE 103 % T T 11T T T TTTI0m \\HH:; 103 % T T 11T T T TTTI0m T \HH:
10% | g_/’/ P 107 //@J/S 10% | S
10t & | 10t =2 | 10t | /,f I
10° & = 100[* = 10° E =
10_1 L L LI L L LI L L L] 10—1 L L LI L L LI L L] 10—1 L L LI L L LI L L L]

10 10> 10°® 10* 10 10> 10° 10* 10 10> 10° 10*

n n n

—=— stochastic (prop.) - e- stochastic (unif.)

Figure: Ratio of runtime of chop to that of CPFloat on n x n matrices.
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Some details

» Header-only C library
» Only (optional) dependency: PCG Random Number Generator
» Distributed under GNU LGPL v. 2.1 or later

» Freely available on GitHub

& O'Neill. PCG: A Family of Simple Fast Space-Efficient Statistically
Good Algorithms for Random Number Generation. Technical
report HMC-CS-2014-0905, Harvey Mudd College, 2014.
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https://www.pcg-random.org/paper.html
https://www.pcg-random.org/paper.html

Not covered

» Similar techniques for other rounding modes
» CPFloat has mathematical and floating-point functions
» Simulation using error-free transformations

Xoy=r+e, o€ {+, -, X, =}

B Fasi & Mikaitis. Algorithms for Stochastically Rounded Element-
ary arithmetic Operations in IEEE754 Floating-Point Arithmetic.
IEEE Trans. Emerg. Topics Comput., 9(3):1451-1466, 2021.
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https://doi.org/10.1109/TETC.2021.3069165
https://doi.org/10.1109/TETC.2021.3069165

Future work

» Vectorise the algorithms
» Add C++ and MATLAB class interfaces

» Add facilities for matrix computations

¢ github.com/north-numerical-computing/cpfloat
A north-numerical-computing.github.io/cpfloat

& Fasi & Mikaitis. CPFloat: A C Library For Emulating Low-Precision
Arithmetic. ACM Trans. Math. Softw. 49(2), Article 18, 2023.
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github.com/north-numerical-computing/cpfloat
north-numerical-computing.github.io/cpfloat
http://eprints.maths.manchester.ac.uk/2785
http://eprints.maths.manchester.ac.uk/2785

APPENDIX



Innocuous double rounding

If fls : R — S is a round-to-nearest functionand fl- : S —» 7 isa
round-to-nearest or a directed rounding function, then

fl-(fls(xay)) =o(xOy), oe{+-x+V }

if p<ps/2-1.

& Roux. Innocuous Double Rounding of Basic Arithmetic
Operations. ). Formaliz. Reason., 7(1):131-142, 2014.

& Rump. Precision-k base-B Arithmetic Inherited by Precision-m
Base-gB Arithmetic for kR < m". ACM Trans. Math.
Software, 43(3):1-15, 2017.
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https://doi.org/10.6092/issn.1972-5787/4359
https://doi.org/10.6092/issn.1972-5787/4359
https://doi.org/10.1145/2785965
https://doi.org/10.1145/2785965

Idea of the algorithm

Input: x € S, 7
Output: x rounded to 7

if x is too small to be represented in 7 then
‘ return sign(x) - O
else if x is too large to be represented in 7 then
‘ return sign(Xx) - oo
else
if x is subnormal in 7 then
| Reduce p accordingly.

N OO g WN R

o

return x rounded to p significant binary digits.
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