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Introduction

Preprint submitted for publication (Available in Arxiv:2304.05177 )

Bounds on Non-Linear Errors for Variance Computation with Stochastic Rounding.

Stochastic rounding

AH and BC method Non-linear errors

/N

. Variance computation b;
Inner product Horner algorithm p 4

Chan, Golub, and LeVeque
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@ Recap of some stochastic rounding properties.

@ Textbook and Two-pass algorithms

> Bias analysis

> Probabilistic error analysis
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Background

Let us denote F C R the set of floating-point numbers and % = fl(x).
o For x,y € Fand op € {+,—, *,/}

(xopy) = (xopy)(1+6), 3] < u.

o |IEEE-754 mode RN (round to nearest, ties to even) has the stronger property that
6] < 38'7P = Fu.

o &(x) = 7P = [x] - |x] and p(x) = 2l

p(x)

M

[x] x Ix]

P(x)e(x)

Figure: SR-nearness.

o E(%) = p(x)[x] + (1 — p(x)) x] = x.
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Mean independence

o For x1,x2,x3 € R, such that ¢ = x; op x2 op x3, and
= ((x10px2)(1+ 1) opx3)(1+ d2),

obtained from SR-nearness. 61,02 are random variables such that E(d1) = E(d2) = 0.
o Mean independence: Xi, Xp, ... are mean independent if E[Xy /X1, ..., Xk—1] = E(Xk) for all k.

e X and Y are independents =—> X is mean independent from ¥ — X and Y are
uncorrelated.

Lemma 1 (M. P. CONNOLLY, N. J. HIGHAM, AND T. MARY).

For some 61,02, ..., in that order obtained from SR-nearness, the 0, are random variables with
mean zero such that E[6x/d1, ...,0k—1] = E(6k) = 0.

El-Mehdi EL ARAR Bounds on Non-Linear Errors for Variance Computation with Stochastic Rounding ICIAM 2023 5/14



Inner product

Definition 1 (Martingale).

A sequence of random variables My, ..., M, is a martingale with respect to the sequence Xi, ..., Xn
if, for all k,

e My is a function of Xi, ..., Xk,
o E(|Mk|) < oo, and
] ]E[,W;(/Xl7 ..A,Xk_l] = Mk—l-

Definition 2 (Azuma-Hoeffding inequality).

Let My, ..., M, be a martingale with respect to a sequence Xi, ..., X,. We assume that
—bkng—Mk_lgbk fork=1:n

P | |M,— M| >

Z B21/2In(2/A) | <A,
k=1

where 0 < A < 1.
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Textbook and two-pass algorithms bias

; iy o1
x; and m = HZI:IX'_ =5

For x € R", let s = 27:1

Textbook algorithm

The textbook algorithm computes the variance using the formula y = 27:1 xl.2 = %52. Under
SR-nearness, we have

-~ n n
°es=>1, X"Hk:max(z,i)(l +dk-1)-
oy =)0 X% — 15 Yni1

E

i=
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Textbook and two-pass algorithms bias

n n
For x € R", Iets:Z’.: x; and m = %27 Xj = %s.

1

Textbook algorithm

The textbook algorithm computes the variance using the formula y = Z: 1 X %52. Under
SR-nearness, we have

-~ n n
O8= Zi:l X"Hk:max(z,i)(l + 8k-1)-
°oy= 27:1 xPi — %/5?¢"+1'

E

Two-pass algorithm

The two-pass algorithm computes the variance using the formula z = 27:1 (xi — m)2. Under
SR-nearness, we have

~

n+1
om=13", XfHk:max(z,i)(l + dk-1).
= E,f’:l(Xf —m)2(1+€)2(1 + ) H::max(z,,-)(l + 0k).
° E(2) = z+% V(s) + O(u?).

°
N)
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Error analysis for algorithms with non-linear error

For the textbook algorithm, we have

n

7y = [ R =1~ LG - )

i=1

n

ZX,?(%‘ =) <

i=1

N
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Error analysis for algorithms with non-linear error

For the textbook algorithm, we have

n

7y = [ R =1~ LG - )

i=1

n

D i -1+

i=1

N

For example, we know that s — s constructs a martingale:

° % (G_S)+s)27/’n+1 -2 < % (}(S\_ 5)2¢n+1| +2 |SG_5)wn+1‘ + ‘52(¢n+1 - 1)’) .
° % /§2¢n+1 —/s\s+/s\s—52| = % /5\(5\1/),,4_1 —s)+s(s\—s)‘.

o Zy=5s—sand (Z,+5)2 = X, + s2 + Ap. Therefore

% |(Zo + $)tont1 — 5%| = % |¥nt1 (X + An) = (W41 — 1) -

o The key idea: R
y—y=M+A.
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Probabilistic error analysis

nu< 1 nu>1and nu? <1
Det (K2 + 2K3)nu (K2 + K2)e(2n+1)u
BC (K3 +2K3)/2/Av/u (K3 + 2K3)/2/Av/u
AH (K% +2K3)/In(4/X)/nu (K2 + K2,/uin(4/2)/uIn(4/x)e@r+D)s
DM (K2 + VBK2)\/In(4/7)V/nu (\/W(lcz +V2K2) + K24 ) (2n+ 1)

Table: The asymptotic behavior of the textbook forward error bounds for a fixed probability A and over n up to
_ lixlly I E1PY
a constant. 1 = Ty @ and K, 7
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Probabilistic error analysis

nu< 1 nu>1and nu? <1
Det (K2 + 2K3)nu (K2 + K2)e(2n+1)u
BC (K3 +2K3)/2/Av/u (K3 + 2K3)/2/Av/u
AH (K% +2K3)/In(4/X)/nu (K2 + K2,/uin(4/2)/uIn(4/x)e@r+D)s
DM | (K3+VBRD /i@ i | (/uln(a/N) 0 + VERD) + K34 ) elride

Table: The asymptotic behavior of the textbook forward error bounds for a fixed probability A and over n up to

a constant. 1 = % and K, = %

o Extension of the previous results to the pairwise case. log,(n) instead of n.
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Numerical experime

1-A=09
109<
........ DET_Text
—-— DM-Text
106 AH-Text E
—— BC-Text //
v SR-nearness s
10° 1 RN-binary32 a4
e SR-average L 7 o
5 . ) ,
e
E 10° 4
1073 4
1075<
L
10° 106 107 10°

Figure: Probabilistic error bounds over n with probability 1 — A = 0.9, u = 272 for the textbook algorithm and
for floating-points chosen uniformly at random in € [0; 1].
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Figure: The forward errors of textbook and two-pass algorithms in binary32 precision for floating-points chosen

uniformly at random in [—1;1]. y = 27—1 x? —1s? and z = 27—1 (xi — m)2.
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Figure: The forward errors of textbook and two-pass algorithms in binary32 precision for floating-points chosen

uniformly at random in [1024; 1025]. y = Z" x? —

s2 and z = Z,,-Ll (xi — m)2.
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Conclusion and Future Works

Contributions

Using SR-nearness:

o Textbook and two-pass algorithms.

o New approach for algorithms with non-linear errors.

@ Explore the division case (WIP).

o General framework.
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Thank You For Your Attention.
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Hardware with SR

o Graphcore IPU supports SR for binary32 and binaryl6 arithmetic.
@ The Intel neuromorphic chip Loihi.
o Patents from IBM, AMD, or NVIDIA.

o Survey: Stochastic rounding: Implementation, error analysis, and applications.
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Probabilistic error analysis: BC method

Theorem 2 (Textbook algorithm).

For all 0 < \ < 1, the computed 37 satisfies under SR-nearness

FoA et (@ + 0 (Vama@a+1) -1),

Iyl
with probability at least 1 — A.

Theorem 3 (Two-pass algorithm).

For all 0 < A < 1, the computed/z\ satisfies under SR-nearness

4'Yn+l(’-’2) + 4'Yn+l(’-’2)
A A

4yni1(u?)

L ]
(1+0) 3

2K + K2 +1 +u,

with probability at least 1 — .
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Probabilistic error analysis: AH method

Theorem 4 (Textbook algorithm).

For all 0 < X\ < 1, the computed y satisfies under SR-nearness

|yl;ly| <K/ 12004 (0)V/In(4/) + K <(1 + u)? (/a1 (@) y/In(@/3) + 1) — 1) :

with probability at least 1 — .

Theorem 5 (Two-pass algorithm).

For all 0 < A < 1, the computed/z\ satisfies under SR-nearness

7--|

T <(1+u) (\/u'yz(,,ﬂ)(u)\/ln(B/)\)

+ tyanp1) (1) In(8/X) (2&1 + K3 (\/tr2(ns1y () 1/ In(8/X) + 1)) ) +u,

with probability at least 1 — A.
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Probabilistic error analysis: DM method

Theorem 6 (Textbook algorithm).

For all 0 < A < 1, the computedy satisfies under SR-nearness

Y -]
|yl

<K/ 1ra(niy () v/ In(4/X) + K31 + 0)® [ \/207400—1) () 1/ In(4/A)

u'72(n71)(u)

> +1] - K3,

with probability at least 1 — A.
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Pairwise textbook and pairwise two-pass

Theorem 7 (BC method).

For the pairwise textbook, for all 0 < A < 1, the computed 5/\ satisfies under SR-nearness

Y-y 2
u < ’Cg V 2'Ylog(n)+1(”2)/)‘ + ’C% ((1 + u)3( 27log(n)(u2)/)‘ + 1) - 1) )

|yl

with probability at least 1 — A.

Theorem 8 (AH method)

For the pairwise textbook, for all 0 < A < 1, the computed /)7 satisfies under SR-nearness

|y|;| ’<’C2\/“72 (e (@0 + K3 (14 0 (v/ezrog (/373 + 1) = 1)

with probability at least 1 — .
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